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ABSTRACT

We apply the powerful algorithmic method to uncover new connections between
algorithms, lower bounds, and derandomization. Proving lower bounds in realistic
computational models remains one of the central challenges in theoretical computer
science. Unlike algorithm design, where one analyzes a specific strategy for a given
task, proving lower bounds requires reasoning about all possible algorithms, including
those that are not explicitly known or characterized.

Over the past decade, there has been significant progress linking proving lower
bounds to the design of deterministic algorithms for highly structured problems such
as Boolean Satisfiability and Range Avoidance. In this work, we substantially extend

this paradigm in several new directions, as outlined below.

e We design new algorithms for Range Avoidance by uncovering a surprising con-
nection to local search. We further show that even solving a very weak variant
of Range Avoidance would imply breakthrough circuit lower bounds. Finally,
we use the algorithms for Range Avoidance to prove arbitrary polynomial cir-
cuit lower bounds for the complexity class O,P. Thus, making it the smallest

complexity class to have such lower bounds.

e We present a fast deterministic algorithm for multiplying two matrices when the
product is promised to be sparse. As an application, we obtain the strongest
known derandomization of celebrated randomized algorithm due to Freivalds’.

Along the way, we identify concrete barriers to proving the hardness of matrix
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multiplication under well-known hypotheses such as the Strong Exponential

Time Hypothesis (SETH).

e Assuming the Non-Uniform Strong Exponential Hypothesis (NUSETH), we
prove polynomial space lower bounds for any data structure solving problems
such as Orthogonal Vectors, Approximate Nearest Neighbors, and 3-SUM. Com-
plementing these lower bounds, we design state-of-the-art deterministic data
structures for Orthogonal Vectors that match the performance of the best pre-

viously known randomized constructions.

A unifying theme throughout our results is the role of compression. Range Avoid-
ance can be interpreted as a form of diagonalization against a collection of compress-
ible objects. Our algorithm for output-sparse matrix multiplication fundamentally
exploits the compressibility inherent in sparse matrices, drawing heavily on tech-
niques from compressed sensing. More broadly, a data structure itself can be viewed
as a compression of the joint space of inputs and all possible queries, encoding enough
information to answer queries efficiently while using substantially less space than the

full truth table.
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CHAPTER 1

INTRODUCTION

Complexity theory broadly seeks to characterize the amount of computational
resources required to solve a given task. Different computational models capture the
trade-offs between these resources—most notably time, space, and randomness. For
example, how much time is necessary to solve a problem? Can we reduce the running
time of our algorithm if we are allowed to use more space? If our machine is permitted
to toss random coins, does this additional power enable it to compute more functions,
or simply compute them more efficiently?

One of the most fundamental questions at the frontier of complexity theory is the
following:

Open Problem 1. Can every efficient randomized algorithm be simulated by an

efficient deterministic algorithm?

This is the core of the P vs BPP problem,! and has been an avenue of very
beautiful and interesting research [36, 37, 69, 78, 86, 104]. Maybe counter-intuitively
most evidence points in the direction that we do not really need randomness, and
that randomness can be simulated by deterministic machines if it has access to a
hard function. For example, in the seminal work of Impagliazzo and Wigderson [69],

they show that if the class E? is not contained in circuits of size 2, then P = BPP.

IThe class P refers to the class of languages decidable by a deterministic algorithm
running in polynomial time, while the class BPP refers to the class of languages solvable by
randomized algorithms running in polynomial time with bounded error.

2E is the class of languages that can be decided in deterministic time 20().
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Under complexity theoretic assumptions (existence of a hard function in E), one
can construct a Pseudorandom Generator (PRG), which one can think of as a deter-
ministic procedure that outputs a sequence of bits, with the property that the output
of a PRG will be indistinguishable from a sequence of truly random bits to any poly-
nomial time algorithm. As a result replacing your randomness with the output of your
PRG, lets you simulate any randomized algorithm deterministically in a black-box
manner.

However, when translating this view to practice there are a couple of issues. For
one, the existence of a PRG relies on the existence of a hard function which implicitly
requires us to prove a lower bound, something that turns out to be an extremely
difficult task. For example, in the [69] framework we would need to prove a lower
bound of size 2°" against E, however the best known lower bound against E is that it
cannot be computed by circuits of size 3.1n [95], an exponential gap. In fact, even for
the larger complexity class ENP, the strongest known lower bound shows only that it
does not admit circuits of size 3.1n. That is, we cannot even rule out the possibility
that every language in ENP has a linear-size circuit computing it. For comparison,
one approach to resolving the famous P versus NP conjecture would be to prove that
the much smaller class NP does not admit polynomial-size circuits, an even stronger
lower bound.

One reason complexity theorists have struggled to prove even seemingly modest
lower bounds is the fundamentally universal nature of such statements. To prove a
circuit lower bound, one must show that no circuit of a given size computes the target
function. This requires ruling out an enormous and poorly understood space of all
possible circuits. On the other hand, when designing algorithms, the task is existential
rather than universal: it suffices to exhibit a single strategy and analyze its properties.

This asymmetry between constructing one good object and ruling out all bad ones lies



at the heart of why proving lower bounds is so much more challenging than designing
algorithms.

So before we can construct a PRG we need to address the even simpler question.

Open Problem 2. Is there a language in ENP that cannot be computed by Boolean

circuits of superlinear size?

Moreover, a PRG is an exceptionally powerful tool: it derandomizes any random-
ized algorithm in a black-box manner. That is, the PRG is oblivious to the specific
problem being solved, it simply replaces truly random bits with carefully constructed
pseudorandom bits. At the same time, there are many natural problems like Polyno-
mial Identity Testing (PIT), the Circuit Acceptance Probability Problem (CAPP),
and Approximate Counting, for which we have fast randomized algorithms but no
known efficient deterministic ones. Rather than seeking a universal black-box deran-
domization via PRGs, one can instead attempt to derandomize these problems indi-
vidually in a white-box fashion, exploiting their internal structure.

This avenue of research is well motivated, and appears to bear many interesting
consequences. For example, being able to derandomize PIT, will immediately yield
circuit lower bounds beyond the grasp of current techniques |78]. In the case of CAPP,
a pseudo-deterministic algorithm (a randomized algorithm that always outputs the
same solution with high probability) for CAPP would yield a hierarchy theorem for
BPP and a circuit lower bound against MA [46].

Although designing algorithms and proving lower bounds may appear to have
opposing goals, it turns out that developing non-trivial algorithms for carefully chosen
special problems can directly imply strong circuit lower bounds. As discussed above a

polynomial time deterministic algorithm for PIT would imply one of either boolean or



arithmetic circuit lower bounds. Interestingly, even designing just better than brute-
force algorithms for problems like Boolean Satisfiability (SAT) would yield many
interesting lower bounds. That is, even an algorithm running in time O(2%%") that
solves SAT would imply strong circuit lower bounds [26, 76].> This perspective of
reducing lower bound questions to the design of improved algorithms is known as
the algorithmic method. Over the past two decades, it has emerged as a powerful
paradigm, leading to several breakthrough lower bounds [35, 39, 40, 41, 82, 86, 96,
102, 109, 127, 129, 130].

In this thesis we will design algorithms for two kinds of structural questions, and
as a consequence uncover more connections between algorithms, derandomization and

lower bounds:

e Hay in the Haystack Problems:
We refer to a problem as “hay in the haystack” if a uniformly random point is
a good solution with high probability. In such problems, randomness succeeds
not by carefully navigating structure, but simply because most points already
work. For example, finding a prime number fits this paradigm: a randomly sam-
pled large integer is prime with reasonably high probability. Similarly, testing
whether a polynomial is identically zero can be reduced to checking whether
it evaluates to zero on a randomly chosen point. What these problems share
is a common structural feature: there exists an oblivious randomized algorithm
that samples a random point and succeeds with high probability, whereas a
deterministic algorithm, in the worst case, appears to require enumerating an

exponentially large search space.

3SAT admits a trivial brute-force algorithm running in time 2" - poly(n).



e Problems requiring Perebor:
“Perebor” is the Russian word for brute force, and it aptly describes our cur-
rent state of knowledge for many fundamental problems. For tasks such as
SAT, Hamiltonian Path, and Optimal Compression, we do not know algorithms
that substantially improve over exhaustively enumerating all possible solutions.
Strikingly, even a modest improvement over brute force for SAT would have
major consequences: designing algorithms that slightly beat exhaustive search
already implies new circuit lower bounds. In fact, improving over “perebor”
even in stronger models, such as co-nondeterministic algorithms, would still

yield lower bounds.

Conversely, one can assume that a problem inherently requires “perebor” and
use this as a foundation for conditional hardness results. The Strong Exponen-
tial Time Hypothesis (SETH), for example, essentially posits that SAT cannot
be solved significantly faster than brute force. This assumption allows us to
mechanize the algorithmic method, by designing fine-grained reductions from
SAT to other problems, we ensure that any faster algorithm for the target
problem would translate into a faster than brute-force algorithm for SAT,

thereby refuting SETH.

1.1 OUuUR RESULTS

We briefly highlight our core results, but refer the reader to individual chapters for

details and more context.



1.1.1 RANGE AVOIDANCE

In Chapter 3, we investigate the “hay in the haystack” phenomenon through the lens
of the Range Avoidance problem. The Range Avoidance problem (AvOID) takes as
input a boolean circuit C' with n input bits and m > n output bits, and asks us to
find a string y that does not lie in the range of C. Since m > n, the weak pigeonhole
principle guarantees that such a y must exist.

Korten [86] showed that Avoid has a PNP algorithm if and only if EN” has maximum
circuit complexity. Our first result strengthens this connection: even a PNP algorithm
for a highly restricted variant, called NC3-AvoID, would already suffice to prover
super linear circuit lower bounds and resolve Open Problem 2.

Here, NCS—AVOID denotes the special case in which the input circuit belongs to

the class NCS; that is, each output bit depends on at most three input bits.

Theorem 1. A PN? algorithm solving NC3-AvoID with stretch m = n+0(n*?) would

result in super linear circuit lower bounds.

We next design algorithms for the most general version of AvOID. Our approach
exploits the recursive and downward self-reducible structure of a closely related
problem known as the Linear Ordering Principle (LOP). Using this connection, we
show that Avoid lies in the complexity class UEOPLN.

Here, UEOPL* is a subclass of TFNP, the class of total search problems solvable in
non-deterministic polynomial time. Notably, UEOPL is among the smallest complexity

classes widely conjectured to lie outside P. Placing Avoip in UEOPLNP

, therefore
brings us closer to designing PNP algorithms for AVOID. Achieving this would strongly
resolve Open Problem 2, as it would imply that ENP requires circuits of maximal

complexity.

4UEOPL stands for Unique End of Potential Line, for a formal definition see Defini-
tion 3.1.6



Theorem 2. Avoip € UEQOPLNP.

Finally, we give an application of current state-of-the-art AvOID algorithms to
prove new unconditional arbitrary polynomial circuit lower bounds® for the computa-
tional complexity class O,P.% This makes O,P, the smallest complexity class to have

such lower bounds.

Theorem 3. For every k € N, there exists an explicit language Ly € O,P, such that
Ly & SIZE[n*].

Building on the above result, we establish a hierarchy theorem for O,TIME.
Proving hierarchy theorems for uniform semantic complexity classes such as BPP,
MA, and S,P remains a major open problem in complexity theory. Although hier-
archy theorems are known for these semantic classes when augmented with one bit of
non-uniform advice, our result for O, TIME provides the first hierarchy theorem for a

uniform semantic class that contains BPP (see Section 3.4 for further discussion).

Corollary 1. For all ¢ > 1, € > 0, O, TIME[n*¢] € O, TIME[n].

1.1.2 MATRIX MULTIPLICATION VERIFICATION

In Chapter 4, we uncover the “hay in haystack” phenomena in a problem that, at first
glance, does not seem to exhibit such structure. Specifically, we study the problem of
Matrix Multiplication Verification (MMV), which takes as input three matrices A, B
and C and outputs 1 if and only if C' = AB.

By the celebrated result of Freivalds, there is an optimal randomized algorithm

running in time 9] (n?). However, the best known deterministic algorithms run in time

®We write f € SIZE[t(n)] to denote that f can be computed by a Boolean circuit with at
most t(n) gates.

6The complexity class O,P refers to oblivious version of the second level of the symmetric
hierarchy. For a formal definition, see Definition 3.1.8.

7



O(n®), simply computing the product AB and then checking each entry of the result.”
A major question in derandomization is whether one can design significantly faster
deterministic algorithms for MMV, a problem highlighted in standard textbooks such
as [101, 119].

We give fast deterministic algorithms for MMV, running in time o(n“) when the
matrix C' disagrees with AB on a sparse set of coordinates.® Our algorithm in fact
serves as a corollary of a much more powerful algorithm that deterministically com-
putes the product of two matrices when the output is promised to be sparse.

Prior to our work, no deterministic algorithm was known for computing output-
sparse matrix products better than o(n“), even for matrices with output sparsity
O(n®™) [89, 90]. We give an algorithm that is better than o(n“) even when the
output sparsity is O(n'?), moreover the bounds on our algorithm scale with improved
bounds on w (see Section 4.2.4 for a plot comparing running times and dependence

on sparsity).

Theorem 4. Let w > 2, then for any two matrices A, B if their product AB has at

1.99)

most O(n non-zero entries, then there is a deterministic algorithm that computes

AB in time o(n®).

As an application of Theorem 4 we are able to get the following result about

MMV.

Corollary 2. Let w > 2,2 then for three matrices A, B, and C, if AB and C disagree

99

on upto n*% coordinates, then one can detect this in o(n®) time.

This result is particularly counterintuitive because, when AB and C' disagree on

en? fraction of entries, there is a black-box randomized algorithm running in O(n)

"w denotes the matrix multiplication exponent; the current best bound is w < 2.372 [§].
8Here sparse means O(n?~¢) coordinates, for some ¢ > 0.
“When w = 2, the naive O(n*) algorithm is optimal.
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time,'® however our deterministic algorithms revert to running in the trivial O(n®)
time on such instances. Indeed, this sharp contrast is exactly the “hay in haystack”
phenomenon.

Our algorithms treat the fastest known matrix multiplication procedures as a black
box. However, progress on improving the matrix multiplication exponent has been
notoriously slow. This raises a natural question: can this slow progress be explained
by a fine-grained complexity hypothesis such as SETH? In other words, could a sub-
stantially faster matrix multiplication algorithm break the “perebor" conjecture for
satisfiability?

We show that any SETH-based hardness of matrix multiplication would yield
either new breakthrough circuit lower bounds or the strongest known explicit con-
struction of a rigid matrix.!’ Although both consequences are widely believed to be
true, proving either appears well beyond the scope of current techniques. Thus, any
proof establishing SETH-hardness of matrix multiplication would implicitly require
overcoming one of these major barriers, thereby explaining the difficulty of such reduc-

tions.

Theorem 5. If matriz multiplication is n*3'-SETH-hard*? then one of the following

holds:

o A language ENP cannot be computed by circuits of linear size (resolve Open

Problem 2).

10T his algorithm just uniformly samples O(1/¢) = O(1) entries of the matrix and checks
if the product is correctly computed over these entries.

A rigid matrix is a matrix that cannot be expressed as the sum of a low-rank matrix
and a sparse matrix. A simple counting argument shows that a random matrix is rigid,
however there is no efficient algorithm to deterministically find such a matrix (an explicit
construction).

12A problem is ¢(n) hard under SETH, if an algorithm for the problem running in time
t(n)!=¢ for a constant & would result in a faster algorithm for SAT, thus refuting SETH (see
Definition 2.3.6 ).



o Explicit construction of a rigid matriz.

1.1.3 IMPROVED DATA STRUCTURES AND LOWER BOUNDS

In Chapter 5, we present new deterministic data structures for the Orthogonal Vectors
problem (OnlineOV). In OnlineOV y 4, we are given a database of N boolean vectors
in dimension d. An (S, T) data structure for OnlineOV first performs a preprocessing
phase, storing S bits of information. Later, upon receiving a query vector in {0, 1},
it determines in time 7" whether ¢ is orthogonal to any vector in the database.

Designing fast data structures for OnlineOV leads to improved data structures for
several fundamental problems, including Approximate Nearest Neighbor, Orthogonal
Range Searching, Subset Query and Partial Match. Perhaps most fundamentally, the
complexity of Orthogonal Vectors is closely tied to the complexity of SAT and the
“perebor” conjecture (SETH). In particular, if there existed constants o, > 0 such
that, for every constant ¢ > 1, one could construct an (N, N'=¢) data structure for
OnlineOV y c10g v With preprocessing time O(N®), then this would refute SETH |60,
128.

In the regime where the dimension d = clog N, our deterministic data struc-
ture for OnlineOV matches the performance of the state-of-the-art data structures
for this problem, which are all randomized [11, 30]. Our result can be viewed both
as progress toward resolving “perebor’-style questions surrounding SAT and as an
instance of white-box derandomization in the context of data structures. While our
data structures achieve sublinear query time n'~¢, the parameter ¢ depends on the
value of ¢ in the dimension d = clogn. In contrast, refuting SETH would require an ¢
that is independent of c. As an added feature, our data structures are combinatorial

and have extremely efficient preprocessing.
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Theorem 6. Consider any ¢ > 1, and any 6 > Q(logc/c). Then there is an (S,T)

data structure with preprocessing time T, for OnlineOV,, c1o5,, where:

T=0 (nko(cllog@) : and S, T, = O(n'*?).

Our algorithms extend to arbitrary dimensions d. In the regime where d = n®, we
obtain a substantial improvement over the best known data structures for moderate

dimensions due to [34], which achieve space S < n-20(V& log”d) and query time n'==-d.

Theorem 7. Consider anyn,d ande < 1/2, then there exists an (S, T')-data structure

for OnlineOV,, 4 with preprocessing time T,, such that:
T < nl—ed : S = nl—ad 20(sd10g(1/5)) ’ Tp < n1+3ed 2O(edlog(1/5)) )

As a consequence, we refute a strong version of the curse of dimensionality con-
jecture, which informally states that when d = w(logn), any data structure for

OnlineOV,, ;4 must use either 249 space or Q(n) query time. To see this, set ¢ =

2logd
logn

= o(1) with €log(1/e) = o(1). Then in this regime, our data structure simulta-
neously achieves time 7" < n/d = o(n), and space S = 2°1. Thus, we simultaneously
achieve sublinear query time and space sub-exponential in the dimension, contra-
dicting the strong form of the curse of dimensionality.

Complementing our fast data structures, we also prove strong lower bounds
for data structures with computationally unbounded preprocessing under two non-
uniform “perebor” conjectures.

Obtaining unconditional lower bounds for data structure problems remains a
major open challenge, and current techniques appear insufficient to prove any non-
trivial bounds [48, 103, 126]. Conceptually, proving data structure lower bounds can

be viewed as establishing a time—space tradeoff: if queries must be answered in time 7T,
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then the data structure must use at least space S. However, when the preprocessing
time is bounded, this interpretation becomes less natural, since the preprocessing
itself may already dominate the computational cost.

To better capture the inherent tradeoff, we instead consider non-uniform algo-
rithms,'® which place no restriction on how the stored information is computed. In
this model, one can view a data structure as a non-uniform algorithm, where the
space used by the data structure is captured by the non-uniform advice.

Our first hypothesis is the non-uniform analogue of SETH, called NUSETH, which
posits that even non-uniform algorithms cannot solve SAT substantially faster than
exhaustive search (“perebor”). This assumption has been widely studied in the liter-
ature [4, 26, 42, 55| and has been used to establish several conditional lower bounds.

Assuming NUSETH, we show that even a highly restricted variant of OnlineOV,
namely w-Sparse-OnlineOV, cannot be solved by arbitrary polynomial-size data struc-
tures. In this variant, every vector in the input database contains at most w = O(1)

nonzero entries.

Theorem 8. Under NUSETH, for all constant ¢ > 0, and 6,y € (0,1), there ezists a

constant w, such that there is no (n°, n'~7)-data-structure for w-Sparse-OnlineOV,, ;.

We next introduce a new “perebor" conjecture called Non-Uniform Hamiltonian
Path Conjecture (NUHAMPATH), which informally states that any non-uniform algo-
rithm solving Hamiltonian Path on n vertices, requires time at least 2" (see Conjec-
ture 5.1.8).

We use NUHAMPATH to prove a lower bound for the 3-SUM with preprocessing
problem. In this problem, the preprocessing algorithm receives three sets: X, X, A3

each consisting of IV integers, and preprocesses them into a data structure o € {0, 1}

I3 A non-uniform algorithm has the additional power of accessing a fixed advice string that
depends only on the input length (see Definition 5.1.6).
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of size S. Then, the query algorithm receives a query ] C X}, X; C &b, A3 C Aj,
and decides in time 7 if there exist z1 € X|, 29 € Xy, x3 € X4 such that z1 + xo = z3.

A line of research [14, 31, 33, 81] culminated in an (S, T")-data structure for 3-SUM
with preprocessing with S =T = 6(]\7 15) While this data structure is already very
efficient, it is an open question if it can be further improved. We do not have any
unconditional lower bounds better than the trivial ones requiring linear time or linear
space.

Assuming NUHAMPATH, we now show that any data structure for 3-SUM with
computationally unbounded preprocessing must require either super-linear space or

super-linear query time.

Theorem 9. Under NUHAMPATH, there is no (NY987 NY987)_data structure for

3-SUM with computationally unbounded preprocessing.
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CHAPTER 2

PRELIMINARIES

2.1 MODELS OF COMPUTATION

2.1.1 'TURING MACHINES

Definition 2.1.1 (Deterministic Time). Let ¢ : N — N. We say that a language
L € DTIME[t(n)], if there exists a deterministic time multi-tape Turing machine that

decides L, in at most O(t(n)) steps.

2.1.2 BOOLEAN CIRCUITS

Definition 2.1.2. A boolean circuit C' with n inputs and size s, is a Directed Acyclic
Graph (DAG) with (s+n) nodes. There are n source nodes corresponding to the inputs
labelled 1, ..., n and one sink node labelled (n+ s) corresponding to the output. Each
node, labelled (n + ), for 1 <4 < s has an in-degree of 2 and corresponds to a gate

computing a binary operation over its two incoming edges.

Definition 2.1.3. Let s : N — N. We say that a language L € SIZE[s(n)] if L can

be computed by circuit families of size s(n) for all sufficiently large input size n.

We now state the hierarchy theorem for circuit size. The standard proof of this
result is existential and goes through a counting argument (see e.g. [13]). However, we
comment that using the framework of AVOID, we can now actually get a constructive

size hierarchy theorem, albeit with worse parameters.
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Theorem 2.1.4 (Circuit Size Hierarchy Theorem [13]). For all functions s : N — N

with n < s(n) < o(2"/n):
SIZE[s(n)] € SIZE[10s(n)] .

For our applications, it will be essential to have a tight encoding scheme for cir-
cuits. In fact, we will also need the fine-grained complexity of the Turing machine
computing Circuit-Eval (i.e. given as input a description of a circuit C' and a point

x, computes C(z)).

Lemma 2.1.5. Forn,s € N, and s > n > 12 , any n-input, s-size circuit C, there
exists an encoding scheme E, s which encodes C' using 5slog s bits. Moreover, there
exists a multi-tape Turing machine M such that M(E, s,x) = C(x) and it runs in

O(s?log s) time.

Finally, we recall the famous Cook-Levin theorem that lets us convert a machine

M € TIME[t(n)] into a circuit C' € SIZE[t(n) logt(n)].

Theorem 2.1.6 (Cook-Levin Theorem [13]). Let t : N — N be a time constructible
function. Then any multi-tape Turing machine running in TIME[t(n)] time can be

simulated by a circuit-family of SIZE[t(n)logt(n)].

2.1.3 COMPLEXITY CLASSES

We assume familiarity with basic complexity theory and notion of non-uniform cir-
cuit families. For definitions of complexity classes P, NP, BPP, ZPP, MA E, P/Poly see,
e.g., [13, 57].

The complexity classes FP, FPNP FE, and FENY are classes of search problems
analogous to the classes of decision problems P,PNP E, and ENP. For example, the
class FP contains all relations that can be computed by deterministic polynomial-

time Turing machines.
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2.2 LoG DEPTH CIRCUITS AND MATRIX RIGIDITY

Here we introduce special circuit classes NC{ and NC', which we define below.

Definition 2.2.1. (NC Circuits) The circuit class NC' contains multi-output
Boolean circuits on n inputs of depth O(log’(n)) where each gate has fan-in 2. We

are particularly concerned with the following classes of circuits:

e For every constant k > 1, NCg is the class of circuits where each output depends

on at most k inputs.
e NC' is the class of circuits of depth O(log(n)) where all gates have fan-in 2.

e Linear NC' circuits are circuits of depth O(log(n)) where every gate has fan-in 2

and computes an affine function, i.e., the XOR of its two inputs or its negation.

It is a long-standing open problem in circuit complexity to prove super-linear lower
bounds on the size of (linear) NC* circuits computing an n-output function from FP
or even FENP [13, 120, Frontier 3]. Valiant [120] suggested an approach for proving
super-linear lower bounds for linear NC* circuits using the notion of matrix rigidity.

We begin by introducing the notion of global rigidity, which may be viewed as an
average-case analogue of rank. Intuitively, a matrix is globally rigid if its rank remains

high even after modifying an arbitrary sparse subset of its entries.

Definition 2.2.2 (Global Rigidity). Let F be a field, A € F**" be a matrix, and
0 < r < n. The rigidity of A over F, denoted by RE(A), is the Hamming distance

between A and the set of matrices of rank at most . Formally,

RF(A):=  min |5
S': rank(A—S)<r
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In other words, a matrix A has rigidity RE(A) > s if and only if A € F™" cannot
be written as a sum

A=S+1L,

where S € F"™ ™ is an (s — 1)-sparse matrix, and L € F"*™ has low rank rank(L) < r.

However, for applications such as Valiant’s program on proving super-linear circuit
lower bounds, a potentially weaker notion of rigidity (row-rigidity) suffices. In this
variant, it is enough that the rank remains high even after modifying up to s entries

in each row.

Definition 2.2.3 (Row Rigidity). For r,s € Z", a matrix M € Fy*" is (r, s)-rigid if

M cannot be written as a sum
M=L+15,

where L, S € F3*", L is low rank, i.e., rank(L) < r, and S is row sparse, i.e., every

row of S has at most s non-zero entries.

Valiant [120| proved that a linear operator given by a sufficiently rigid matrix

requires linear NC' circuits of size at least Q(nloglog(n)), but there are still no

known constructions of such rigid matrices even in FEN.

Theorem 2.2.4 ([120]). If a family of matrices (M, )n>1, M,, € F™™ is (en,n®)-rigid
for constant €,6 > 0, then the linear map x — Max requires linear NC* circuits of size
Q(nloglog(n)).

2.3 FINE-GRAINED COMPLEXITY

In the k-SAT problem, given a k-CNF formula ¢, the task is to check if ¢ has a

satisfying assignment. The complement of k-SAT, the k-TAUT problem, is to decide
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if all assignments to the variables of a given k-DNF formula satisfy it. The celebrated
Strong Exponential Time Hypothesis (SETH) is now central to the field of fine-grained

complexity.

Definition 2.3.1 (Strong Exponential Time Hypothesis (SETH), [68]). For every
constant € > 0 there exists k € Z* such that no deterministic algorithm solves k-SAT

on formulas with n variables in time 2(:=¢)"

The field of fine-grained complexity has leveraged SETH to prove tight bounds on
the complexity of a large host of problems (see the excellent surveys by Vassilevska

Williams [122, 123]). We will also use the following stronger hypothesis.

Definition 2.3.2 (Nondeterministic Strong Exponential Time Hypothesis (NSETH), [26]).
For every constant ¢ > 0 there exists & € Z* such that no nondeterministic algorithm

solves k-TAUT on formulas with n variables in time 29",

Turns out that even refuting the powerful NSETH conjecture would still result in

super-linear circuit lower bounds.

Theorem 2.3.3 (|26, 76]). If NSETH is Fulse, then there exists an explicit function

in ENP that cannot be computed by series-parallel circuits of size w(n).

A classical tool used in studies of algorithms for k-SAT is the Sparsification

Lemma.

Theorem 2.3.4 (Sparsification Lemma [70]). For every k > 3 and A > 0 there
exists a constant ¢ = c(k, \) such that every k-SAT formula ¢ with n variables can be
expressed as @ = V'i_1; where r < 2\ and each 1); is a k-SAT formula with at most

cn clauses. Moreover, all 1; can be computed in 2*"-time.
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Now we formally define the notions of fine-grained reductions and SETH-hardness.
We start with the definition of fine-grained reductions from [122, Definition 6] with

a small modification that specifies the dependence of § on .

Definition 2.3.5 (Fine-grained reductions). Let P, Q) be problems, p,q: Z>o — Z>q
be non-decreasing functions and §: R.g — R.g. We say that (P, p(n)) J-fine-grained
reduces to (@, q(n)) and write (P,p(n)) <5 (@, q(n)), if for every e > 0 and § = d(¢) >
0, there exists an algorithm A for P with oracle access to (), a constant d, a function

t(n): Zso — Zso, such that on any instance of P of size n, the algorithm A
e runs in time at most d(p(n))*~?;

e produces at most £(n) instances of () adaptively: every instance depends on the

previously produced instances as well as the answers of the oracle Q);

e the sizes n; of the produced instances satisfy the inequality
t(n)
> q(n)' = < d(p(n))' .
i=1

It is easy to see that if (P, p(n)) <; (@, ¢(n)), then for every ¢ > 0, an algorithm for
Q running in time O(q(n)'~¢) implies an algorithm for P running in time O(p(n)'~?).
Equipped with this definition, we are ready to define SETH-hardness of a problem.
SETH-hardness of a problem is a sequence of fine-grained reductions from k-SAT for

every value of k.

Definition 2.3.6 (SETH-hardness). Let p: Z>o — Z>( be a non-decreasing function.
We say that a problem P is p(n)-SETH-hard if there exists a function 6: Ryg — Ry
and for every k € N,

(k-SAT,2") <5 (P,p(n)).
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It is now easy to see that if a problem P is p(n)-SETH-hard, then any algorithm

1—¢) 1-6(e))n

solving P in time p(n)! implies an algorithm solving k-SAT in time 2 for

all k£, thus, breaking SETH.
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CHAPTER 3

RANGE AVOIDANCE

The probabilistic method has been a very powerful tool used to show the existence
of many combinatorial objects. For example, a simple counting argument by Shannon
[116] tells us that most functions (encoded by their truth table) cannot be computed
by small circuits. The argument follows since there are 22" different truth tables for
functions on n variables, while there are at most 2°(*1°2%) circuits of any given size s.
As a result, for any s < 2"/10n the fraction of functions that can be computed by
circuits of size s, is negligible. In other words, a random function cannot be computed
by circuits of size 2" /10n with high probability. So if most functions are hard, what

is the complexity of finding such a hard truth table?

Open Problem 3.0.1 (e-Hard Truth Tables). Input: 1V, Output a truth table T of

length N such that no circuits of size N can decide T'.

While there is a very simple randomized algorithm (just sample a uniformly
random string) to solve Open Problem 3.0.1, we will care about quantifying the com-
plexity of a deterministic procedure that finds such a combinatorial object. We call
this restriction, an explicit construction problem. A problem has an explicit construc-
tion, if given a unary string 1%V as input, there is a deterministic procedure running
in polynomial time that outputs a desired combinatorial object of length /N. In many
cases we will relax the notion of polynomial time, and allow the procedure to run

even in ENP,
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The notion of explicit constructions is well studied and motivated [87, 115]. As
a concrete application, a polynomial time algorithm for Open Problem 3.0.1 would
yield a PRG [104] that fully derandomizes BPP. In fact, one can use the explicit
construction template to understand the complexity of finding hard truth tables, but
also a host of combinatorial objects like rigid matrices, two source extractors, Ramsey
graphs, high Kolmogorov strings and linear codes just to name a few.

To encapsulate explicit constructions, and give a general framework for explicit
constructions [82] introduced the problem of Range Avoidance (AvOID) which we

define below:

Problem: AVOID

Input: A polynomial size circuit C': {0,1}"* — {0, 1}

Output: Find an element in {0, 1}""! not in the range of the circuit C'

AvVOID is a total problem, since it always has a solution via the dual pigeonhole
principle. Moreover, AVOID has an abundance of solutions, since at least half the
elements in the co-domain are not in the range of C'. A solution y, to AVOID can be
verified with an NP oracle via the following coNP predicate: Vz : C'(x) # y. Combined
with the abundance, this immediately, yields a randomized algorithm in ZPPN” that
solves AVOID by just sampling random strings and using the NP oracle to check if it
is a valid solution.

The intuition between connecting AvVOID and constructing combinatorial objects
whose existence follows from the probabilistic method is as follows: there is a succinct
way to encode all “easy” objects (objects without combinatorial property) in the input
space of a polynomial size circuit C, that acts as a decoder for the object. A solution to

AVOID, then yields a “hard” object (with the combinatorial property we cared about)
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since all objects not having this property were by construction mapped somewhere in
the range of C.

For a concrete example, let us focus on the simple problem of finding a truth table
which cannot be computed by circuits of size n%. Let C be the circuit that takes as
input an encoding of a circuit and outputs its corresponding truth table by evaluating
on all 2" inputs. Any circuit of size s, can be encoded into O(slog s) bits so all circuits
of size n? can be encoded by less than n? bits. So if C : {0,1}" — 27, is a circuit
who takes as input a circuit description and outputs a truth-table, then Avoip(C')
is a truth table that cannot be computed by circuits of size n2, since by construction
any truth table that admitted circuits of size less than n? would have been mapped
into the range of C. Thus, a natural way to view an algorithm for AVOID is a form
of constructive diagonalization against the objects that do not possess the desired
combinatorial property.

However to get explicit constructions of these combinatorial objects, it is not suf-
ficient to just have an oracle to AVOID, we also require that our oracle isolate a single
solution for a given instance (we call this problem single-value AvOID). Consider again
for instance the task of constructing a language that cannot be computed by circuits
of size n?. If one tries to define a language based on the output of the hard truth table
generated from an AVOID oracle that is not single-valued, then the language would
not be well-defined since different hard truth tables will define different languages.

We now show the power of single-value AVOID as a tool for capturing most explicit
constructions via the following theorem that strongly motivates the design of poly-

nomial time algorithms for Single-Value AvOID.

Theorem ([62, 86|). If Single-Value AvoID € ¥ for some complexity class T,' then

we can output the explicit construction of the following objects in T: Ramsey Graphs,

1We only consider classes T D P.
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Two Source Extractors, Rigid Matrices, Linear Codes, Hard Truth Tables for any

Fized Polynomial Sized Circuit, KP°Y -random strings.

It appears, the framework of AvOID while being very powerful for explicit con-
structions, also encodes hard problems. As a result, under reasonable cryptographic
assumptions we do not expect either a polynomial time algorithm [67] or even a non-
deterministic algorithm [43] for Single-Value AvoOID. This leaves the possibility of
designing a PNP algorithm for AvOID, which would still be very interesting and resolve
a host of long-standing open problems. In fact, [86] shows the surprising equivalence
between designing PNP algorithms for AvoID, and the existence of a language in ENP
with circuit complexity 24, This reduces the problem of proving lower bounds, to
an algorithm design question, something researchers have found more success with.
Moreover, this approach could yield lower bounds exponentially better than our cur-

rent lower bound of ~ 3.1n [95].
Open Problem 3.0.2. Is there a PN algorithm for AvoIip?

In Section 3.2 we will see that even if we restrict our decoder in the AVOID instance
to a very weak model of computation €, algorithms for €-AvoIiD will still imply
breakthrough explicit constructions. In Section 3.3 we will design new algorithms for
AvOID, and in Section 3.4 we will apply known upper bounds on AVOID to get new
unconditional circuit lower bounds.

This chapter is based on a series of joint papers co-authored with Alexander
Golovnev, Surendra Ghentiyala, Zeyong Li, Satyajeet Nagargoje, and Sidhant Saraogi
[51, 52, 54]. Much of the technical sections in this chapter is taken verbatim from these

works.
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3.1 AvoID PRELIMINARIES

Let L C {0,1}* be a language. For n > 1 we define the n-th slice of L, L|, :=
LN{0,1}" as all the strings in L of length n. The characteristic string of L|,,, denoted
by X7, is the binary string of length 2" which represents the truth table defined by
Ll,.

3.1.1 THE ToTtAL FUNCTION HIERARCHY

We formally define a search problem and problems in the total function polyno-
mial hierarchy, i.e. TFXF (the total function analog of the polynomial hierarchy [13,
Chapter 5]).

Definition 3.1.1. A search problem is a binary relation R C {0,1}* x {0,1}* where

we say that a y is a solution to z if and only if (z,y) € R.

Definition 3.1.2 (|82, Definition 23]). A relation R is in TFXF if the following

conditions hold:
1. R is total: for all = € {0,1}*, there exists y € {0, 1}* such that (z,y) € R.
2. R is polynomial: For all (z,y) € R, |y| < poly(|z|).

3. There exists a polynomial time Turing machine M and polynomials py(n), ..., p;—1(n)

such that

(z,y) € R <= Vz € {0,1}70#03z, € {0, 13720 V(z,y, 21, ..., z_1) accepts.

Definition 3.1.3. A relation R is in TFUX? if it is in TFXF and for all x € {0, 1},

there exists exactly one y such that (z,y) € R.
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TFXP is also referred to as TFNP . Informally, TFNP is the set of search prob-
lems where a solution always exists and is efficiently verifiable (is in FNP, the search
analogue of NP). TFX is a generalization of this notion higher in the polynomial
hierarchy, where the verifier need not be polynomial time.

With the notion of search problem pinned down, one can begin to talk about reduc-
tions between search problems. The norm when reducing between search problems is
to restrict oneself to many-to-one reductions. The following definition formalizes the
intuitive idea that a reduction from R to Q should take as input an instance x of
R, transform it to an instance f(x) of Q, get back an answer y to that instance, and

transform that to ¢g(y), an answer for instance x of R.

Definition 3.1.4. Let R, @ be two search problems. A many-to-one reduction from
R to Q is defined as two polynomial time computable functions f, g such that for all

z € m(R),y € {0,1}*, the following holds,

(z,9(y)) €ER <= (f(z),y) € Q.

TENP Sub-problems. Finally, we will make use of the following TFNP subclasses.

Definition 3.1.5 (PLS and SINK-OF-DAG). PLS is defined as all problems which are
many-to-one reducible to SINK-OF-DAG, which is defined as follows. Given poly(n)
size circuits S : [2"] — [2"] (successor circuit) and V' : [2"] — [2"] (value circuit), find
v such that S(v) # v and either S(S(v)) = S(v) or V(S(v)) < V(v).

Definition 3.1.6 (UNIQUE-END-OF-POTENTIAL-LINE). UEOPL is defined as fol-
lows. Given two poly(n) size circuits S, P : {0,1}" — {0, 1}", such that P(0") = 0™ #
S(0™), and a value circuit V : {0,1}" — {0,1,...,2™ '} where V(0") = 0. Find one
of the following:

e A point z € {0,1}" such that P(S(z)) # .
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e A point z € {0,1}" such that = # S(x), P(S(X)) =z and V(S(x)) —V(x) < 0.
e A point x € {0, 1}" such that S(P(z)) # = # 0".

e Two points =,y € {0,1}", such that x # y, z # S(z), y # S(y), and either
V(z)=V(y) or V(z) < V(y) < S(z).

UEOPL is defined as all problems which are many-to-one reducible to UNIQUE-END-

OF-POTENTIAL-LINE.

3.1.2 THE SYMETRIC HIERARCHY

Symmetric polynomial time, denoted by S,P, was introduced independently by
Canetti |25], and Russell and Sundaram [113|. Intuitively speaking, this class cap-
tures the interaction between an efficient (polynomial-time) verifier V' and two
all-powerful provers: the “YES™-prover Y and the “NO”-prover Z, exhibiting the

following behaviour:

o If z is a yes-instance, then the “YES™-prover Y can send an irrefutable
proof/certificate y to V that will make V' accept, regardless of the com-

munication from Z.

e Likewise, if z is a no-instance, then the “NO”-prover can send an irrefutable
proof/certificate proof z to V' that will make V' reject, regardless of the com-

munication from Y.

Definition 3.1.7 (Symmetric Time). We say that a language L € S,P, if there
exists a polynomial p(n), such that the predicate P(z,y, z) that takes x € {0,1}" and

y,z € {0,1}*™ as input, satisfying that:

1. If z € L , then there exists a y such that for all z, P(z,y,2) = 1.
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2. If © ¢ L, then there exists a z such that for all y, P(x,y,2) = 0.

We stress that in both cases the irrefutable certificates can depend on z itself. A
seminal result of 23| provides the best known upper bound S,P C ZPPNP. At the
same time, SoP appears to be a very powerful class as it contains MA and PNP.

The corresponding oblivious version of S,P is obtained by stipulating that the for
every n € N there exists a “common” witness w, for all the “respective” inputs of
length n. Thus, in a similar manner, one can define the class O,P — the oblivious
version of S,P, that is referred to as “oblivious symmetric polynomial time” in the
literature. O,P has the additional requirement that for every n € N there exist an
irrefutable yes-certificate y* and an irrefutable no-certificate z* for all the yes-instances

and the no-instances of length n, respectively.

Definition 3.1.8 (Oblivious Symmetric Time). We say that a language L € O,P, if
there exists a polynomial p(n) and predicate P(x,y, 2), such that for every n € N,

there exist y* and z* of length O(p(n)) satisfying the following for every input x €
{0,1}™:
1. If x € L, then for all z, P(x,y*, z) = 1.

2. If # ¢ L, then for all y, P(z,y,z*) = 0.

While the oblivious classes seem to be more restricted than their non-oblivious
counterparts (O,P C S,P), proving any non-trivial upper bounds could still be chal-
lenging. In the case of O,P, since one can hard code the irrefutable yes and no wit-
nesses as advice in a circuit, we have that O,P C P/Poly. In terms of lower bounds,

the best known containment of a non-oblivious class is BPP C O,P [27].
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3.2 RANGE AVOIDANCE ON RESTRICTED CIRCUIT CLASSES

One of the reasons why solving AVOID appears to be a hard problem, is that we allow
any polynomial size circuit to be a “decoder” mapping the inputs into the co-domain.
Can we learn anything insightful if we only allow our circuit to come from a very
restricted class €. In this section we will consider exactly this question, in the case of

local circuits.

Definition 3.2.1 (€-AvoID). Given a polynomial sized circuit C': {0,1}" — {0,1}™

where m > n, and C' € € find an element y not in the range of C'.

Let NC' be the class of boolean circuits of log-depth, and let NC? be the class of
circuits where each output bit depends on at most k input bits. The study of €-AvOID
was first initiated in [109] who showed that even solving the much easier NC}-AvoID
would imply an algorithm for NC'-AvoID. Subsequently, [62] improved the reductions
for most explicit constructions to AVOID by showing that there exists a NC' decoder
that computes the same function. Applying the framework from [109] this showed
that even designing algorithms for the very weak problem of NC-AvoID would yield
breakthrough explicit constructions.

Designing algorithms for €-AvOID appears to be an important intermediate step
in understanding the complexity of AvoID. [41] design PNP algorithms for ACC’-
AvOID and are able to recover the best known lower bounds against ACC® circuits.
In the case of NCJ-AvoID, [62] give a polynomial time algorithm for NC5-AvoID
for any stretch m > n + 1. For the more generic case of NC’S—AVOID, they give a
deterministic algorithm that uses an NP oracle and is able to find a solution for any
stretch m > n*~1. This leaves us with the following natural question asked first in

162].
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Open Problem 3.2.2 ([62]). Can we reduce explicit construction problems to solving

NC3-Avorp?

We answer Open Problem 3.2.2 by showing that we can find an explicit construc-
tion of a rigid matrix that is rigid enough to carry Valiant’s program of proving super

linear circuit lower bounds.

Theorem 3.2.3. An FP? (resp. FPNY) algorithm for NC3-AvoID with stretch m =
n + O(n?/3) implies an explicit construction of a linear map in FP (resp. FPNY) that

cannot be computed by linear NC circuits of size o(nloglog(n)).

We prove Theorem 3.2.3 by constructing a special NC% circuit C' with the property
that given any element outside the range of C, one can compute a rigid matrix in
polynomial time.

To build C, we first design a degree-2 decoder ® with < n? input bits and n?
output bits, such that each output bit is given by a degree-2 polynomial in the input
bits. The decoder ® maps its input space onto the set of all non-rigid matrices.
Consequently, any matrix outside the range of ® must be rigid.

We then apply the perfect randomized encoding scheme due to [12] to transform
D from a degree-2 polynomial map into an NC; circuit C. Moreover, as a property
of the perfect randomized encodings we are guaranteed that an element outside the
Range of C' can be transformed in polynomial time into an element outside the Range

of ©.

Lemma 3.2.4 ([12]). Let f: Fy — T be a multi-output function where every
output computes a sum of k monomials of degree 2. Then there exists a function

J?: {0, 1} Ce=Dm s L0 1}2F™ computed by an NC3 circuit and a polynomial time

2FP is the functional version of the decisional class P.
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algorithm Dec: {0,1}%*m™ — {0,1}™ such that for all x,y, if Dec(y) = f(x), there

~

exists an v € {0, 1Y2=Dm sych that f(x,r) = y.

To construct our degree-2 map for non-rigid matrices, we rely on the following
lemma, which provides a degree-2 polynomial map whose range contains all sparse
vectors.

Lemma 3.2.5 (|51, Lemma 3.1|). For every polynomial-time computable s := s(n) <

ﬁ, there exists a polynomial-time computable function f: ng‘/ﬁ — F5 whose range

2
contains all vectors of sparsity at most s, and each output of f is a degree-2 polyno-

mial.
Equipped with Lemma 3.2.5 we can now prove Theorem 3.2.3.

Proof of Theorem 3.2.5. Let r = n®/10 and s = n°~1/2/10. First, we reduce (in deter-
ministic polynomial time) the problem of finding an (r, s)-rigid matrix to solving
degree-2-Avoid for a function g: Fi™ — F2°.

Suppose M € F3*™ is not (r, s)-rigid. Then, M can be written as a sum M = Q+5,
where rank(Q) < r and S is s-row sparse. Furthermore, Q = L - R for some matrices
L,RT € F5*".

We view the input of ¢ as 2rn entries of the matrices L and R, and 2sn*/? inputs
of n copies of the degree-2 function f from Lemma 3.2.5 needed to encode the entries
of n sparse rows of S. Then the function g simply outputs all n? entries of M =
L- R+ S. Note that each output of g computes a dot-product of a row of L and a
column of R, and adds a degree-2 output of f. Therefore, we constructed a degree-2
function g whose range contains all non-rigid matrices. A solution to degree-2-Avoid
on input g would therefore give an (r, s)-rigid matrix. The number of inputs of g is
n' = 2rn + 2sn%? = 4rn = 2n'*%/5, and the stretch of the function g is at least

m'(n') > 2(n’)?/(+9) This concludes the proof of the first part of the theorem.
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For the second part, we use the polynomial-time reduction from degree-2-Avoid to
Ncg-Avoid from Lemma 3.2.4. By the construction above, we have a degree-2 function
g: F3m — IFSZ where each output bit is the sum of at most ¢t = r + s < 2r degree-2
monomials. We apply Lemma 3.2.4 to reduce Avoid for g to Avoid for an NC§ function
g: {0,1}" — {0,1}™, where 7 = n’ + (2t — 1)n? and m = 2tn?. This yields a stretch
of Mm(n) = n + O(n?2+9) for the function §. Therefore, an algorithm for NC3-Avoid
for stretch m(n) yields an (r, s)-rigid matrix.

Concretely, setting § = 1, we get that an algorithm for NC%—AVOID would give an
explicit construction of a matrix that is (n/10, v/n/10)-row-rigid. This is sufficient for

proving super-linear circuit lower bounds via Valiant’s program Theorem 2.2.4. [

3.3 NEW ALGORITHMS FOR AvVOID

In the previous section, we showed that even algorithms for the restricted case of
NCg—AVOID would yield breakthrough explicit constructions. Here, we instead give a
new upper bound on the complexity of AvOID within the Total Function Polynomial
Hierarchy (TFPH).

As discussed above, AVOID is total by the dual pigeonhole principle, and a candi-

date solution y can be verified using the following coNP predicate:
Vo : Clx) #y

This places AvoID in TFX5. Our new containment strengthens this classification
by showing that Avoip € UEOPLNP| a significantly smaller subclass of TFZ5 (see
Section 3.1.1 for defintions of relevant total function classes.).

Our algorithm for AvOID follows as a corollary of a more general phenomenon:

total problems that are downward self-reducible admit improved upper bounds. This
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phenomenon was observed for problems in TFNP by [65], who showed that any down-
ward self-reducible problem in TFENP in fact lies in PLS, a known subclass of TENP. We
show that this result relativizes. As a consequence, we obtain a general meta-theorem
characterizing the complexity of downward self-reducible total search problems in the

polynomial hierarchy.

Theorem 3.3.1 (|54, Theorem 1]|). Let R be a search problem in FXY which is
downward self reducible, then there is a reduction from R to PLS™ 1. Furthermore, if

R has unique solutions, then there is a reduction from R to UEOPL™" 1.

At first glance, it is not clear why Theorem 3.3.1 would be helpful for AvoID.
While AvoID is in TFXY, it does not appear to have any structure that makes it
amenable to being downward self-reducible. To prove our result, we use an adjacent
problem called the Linear Ordering Principle for which it was shown AVOID was

many-one reducible to in polynomial time.

Problem: Linear Ordering Principle (LOP)

Input: A polynomial sized circuit C' : {0,1}" x {0,1}" — {0,1}, encoding an

order < .

Output:

1. Find a witness that < does not define a total order i.e. z,y,z € {0,1}"
such that one of the following holds: (i) z < =z, (ii) * # y, © A y and

yA zor(iii)z< y< zand x £ z.

2. Find the minimal element of the total order defined by < .

Theorem 3.3.2 ([88, Theorem 1|). AvOID is polynomial time reducible to LOP.
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By definition, LOP is a total problem. Verifying a witness of the violation of a
total order can be done in polynomial time. To verify that a solution y is actually
the minimal element, we can use an NP oracle since it corresponds to checking the
following coNP predicate Vz : < (y,z) = 1. As a consequence we have that LOP is
in TFXY, and LOP has essentially unique solutions.

We now show that LOP is downward self reducible.
Theorem 3.3.3. LOP is downward self reducible with access to an NP oracle.

Proof. Let <: {0,1}" x {0,1}" — {0,1} be our LOP instance. We define (<) = n.
Clearly, (<) < | < |. If < is not a total order, we can find the lexicographically
smallest witness violating the total order using an NP oracle. We can ensure that the
three types of violations have some lexicographic preference over each other.

Otherwise, < must be a total order. For i € {0,1}, define <; : {0,1}"! x
{0,1}"! — {0,1} such that <; (z,y) =< (i||z,i|ly). We query the oracle on <
and <, each has a unique solution ay and a; respectively. We output min(ag, a;)
with respect to <.

<o and < are total since < is total. Therefore, a; < z for all z € i|[{0,1}" 1.

Therefore min(ag, a;) < z for all = € {0,1}", as required. O
As a corollary, combining Theorems 3.3.1 to 3.3.3, we get the following.

Corollary 3.3.4. Avoip € UEOPLN?,

We now compare the new containment in Corollary 3.3.4 to previous results. [40]
and [96] show that AvOID is in FS,P. In [88] they define LoP as a new syntactic sub-
class of S,P and show that MA C L,P. Moreover, they show that a language L € L,P
is equivalent to L being polynomial time many-one reducible to LOP. Thus, placing

LOP in a class of search problems also implies that L,P reduces to this class. While
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TFXS

PLSNP PPANP

Figure 3.1 A Fine-Grained TFY, Version of the Sipser-Gacs-Lautemann
Theorem [91, 118]. Solid arrows denote inclusions and dotted arrows denote deci-
sion to search reductions. The inclusion FS,P C FZPPY is due to [23]. L,P which is
a class of decision problems was shown to be equivalent to class of problems that are
polynomially many-one reducible to LOP [88]. The blue dotted arrow indicates the
containment of LOP € FS,P as shown in [88]. The red dotted arrow indicates our

new containment of LOP € UEOPLNP.
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[88] places LOP in the class FS;P, our result places both LOP and AvoOID in the
class UEOPLNP. In fact, before Corollary 3.3.4 it was open if AvOID or LOP was even
in PLSM? or PPANP. A diagram of our new containment is given in Section 3.3.

We now highlight why our new upper bound of LOP and AvOID is interesting.

1. Since AvOID is in TFX5, it is interesting to see what is the smallest standard
TENP sub-class with access to an NP oracle that can solve AvoiD. UEOPL is one
of the smallest TENP sub-classes, so getting explicit constructions in UEOPLN?

would bring us a step closer to the goal of providing explicit constructions in PNP.

Moreover, a sub-exponential simulation of UEOPL could yield new approaches

ENP construction of rigid matrices and hard truth tables for circuits

to getting an
of size cn for some fixed constant ¢ > 0, another approach for resolving Open

Problem 2.

2. The original motivation when defining S,P by [113| and [25] was to find the
smallest class within the polynomial hierarchy that captures probabilistic classes
like BPP and MA. Such a class, inherently captures an abundance of solutions
(most random strings are good). And while, AVOID seems to share this property
of abundance of solutions, the results of [88] indicate that the algorithms for
AvoID [40, 96] isolate a single solution and implicitly solve the more restrictive
LOP problem, which has a unique solution. In this regard, it seems that the
class UEOPLN? which doesn’t correspond to any notion of abundance, and has

a unique solution captures the behavior of LOP better than FS,P.

3. We do not understand how the complexity classes UEOPLN? and FS,P relate to
each other. Under very strong hardness assumptions for derandomization [83]
we have that FS,P € FZPPN" € FPNP € UEOPLNP. However, unconditionally

they seem incomparable.
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3.4 APPLICATION OF RANGE AVOIDANCE FOR UNCONDITIONAL CIRCUIT LOWER

BounDs

In this section we will see an application of range avoidance framework to prove new
“fixed-polynomial” circuit lower bounds. That is, the goal is to show that for every
k € N there is a language L (that may depend on k) which cannot be computed by
circuits of size n*. The previous smallest complexity class for which we could prove
such fixed-polynomial lower bounds was S,P [23]. We will build on this and prove
a fixed-polynomial lower bound for the smaller oblivious counter part of S,P called
O,P.

We first give a short overview of the Karp-Lipton framework for proving fixed
polynomial circuit lower bounds. The first lower bound was obtained by Kannan [79]
via diagonalization. In particular, it was shown that for every k& € N there exists
a language L, € Y4P that cannot be computed by circuits of size n*. This result
was then improved to 2,P. The key idea behind this and, in fact, the vast majority
of subsequent improvements is a ‘win-win’ argument that relies on the Karp-Lipton
collapse theorem [80]: if NP has polynomial-size circuits (i.e NP C P/Poly) then
the (whole) polynomial hierarchy collapses to ¥,P. More specifically, the argument

proceeds by a two-pronged approach:

e Suppose NP Z P/Poly. Then the claim follows as NP C ¥,P.

e On the other hand, suppose NP C P/Poly. Then by the Karp-Lipton theorem:

> 4P = ¥,P and in particular for all k € N : L, € ¥,P.

Indeed, by deepening the collapse, the result was further improved to ZPPNP [22, 85],
PPMA 28] and S,P [23]. By using different versions of the Karp-Lipton theorem, the

result has also been extended to PP [1, 125 and MA/1 [114].
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Yet, despite the success of the “win-win” argument, the obtained lower bounds
are often non-explicit due to the non-constructive nature of the argument. Different
results [24, 114| were required to exhibit explicit “hard” languages in ¥,P, PP and
MA/1. Nonetheless, the last word about S,P is yet to be said. For instance, we know
that there is a language in S,P that requires circuits of size, say, n? from such argu-
ments. However, prior to the results of [40, 96| where they give an S;P algorithm for
Range Avoidance, one could not prove any super-linear lower bound for any explicit
language in SpP. Another limitation of the “win-win” argument stems from the fact
that it only applies to complexity classes which (provably) contain NP. In particular,
in [27] it was actually shown that if NP C P/Poly then the polynomial hierarchy
collapses all the way to O,P! Unfortunately, this result does not immediately imply
fixed-polynomial lower bounds for O,P? as it is unknown and, in fact, unlikely that
O,P contains NP. Furthermore, such a containment will be “self-defeating”. Recall
that O,P C P/Poly. Hence, if NP C O,P then NP C P/Poly which in and of itself
already implies the collapse of the whole polynomial hierarchy!

In the main result of this section, we extend circuit lower bounds known for S,P to
its weaker oblivious counterpart O,P. Our result builds on a recent line of work that
obtains circuit lower bounds by deterministically solving (that is, derandomizing) the
AvoID problem [40, 96].

To prove our result, we exploit the fact that the language arising from the AvoID
instance used to establish the circuit lower bound is extremely sparse. In Section 3.4.1,
we introduce new notions of sparsity and use them to establish connections between

the classes S,P and O,P. Building on this framework, in Section 3.4.2 we prove arbi-

3Indeed, the authors in [27] could only obtain fixed-polynomial lower bounds for NpPO2P
which was later subsumed by the results of [114].
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trary polynomial circuit lower bounds for O,P, and also establish a uniform hierarchy

theorem for O,P.

3.4.1 SPARSE EXTENSIONS

We begin by defining the class of SPARSE languages.

Definition 3.4.1. A language L € SPARSE if for all n, |[LN{0,1}"| < poly(n).

Moreover, L is called uniformly-sparse if L € P N SPARSE.

We will use the notation ¢(n)-uniformly-sparse if L € TIME[t(n)] N SPARSE. It is
easy to see that SPARSE C P/Poly. That is, one can identify the yes-instances effi-
ciently, albeit in non-uniform fashion. The purpose of introducing the uniform-sparsity
is to be able to identify these inputs efficiently in a uniform fashion. Unfortunately,
we cannot expect any such language L to lie even in a modestly hard class as, by
definition, L € P. The purpose of the uniformly-sparse extensions, on the other hand,
is to bridge this gap. One can observe that unlike the uniformly-sparse languages,
which are contained in P, languages with uniformly-sparse extensions can even be
undecidable! In particular, any unary language has a uniformly-sparse extension in

form of 1*.

Definition 3.4.2. A language L has a uniformly-sparse extension, if there exists an

L' st. :
1. LC L/,
2. L' is uniformly-sparse.

From these definitions we make the following structural observation about sparse

S,P languages.
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Theorem 3.4.3. If L € S;TIME[t(n)] and L has a uniformly-sparse extension, then
L € O,TIME[t(n)?].

Proof. For any n, let L' be the t(n)-uniformly-sparse extension of L, and let F be
the TIME[t(n)] predicate that decides membership in L’. We will now design an
O,TIME[t(n)?] verifier V for L|,. Since both L and L' are t(n)-SPARSE, we have
that for most = € {0,1}": L|,(z) = L'|,,(z) = 0. V will first use F to efficiently filter
out most non-membership in L'|,, and hence L|,, in TIME[t(n)]. Now V only has to
decide membership in L over t(n) many inputs X = {z € {0,1}" : F(zx) = 1}. We
will use the fact that since L € S;TIME[t(n)], for all z € X, if © € L there is an
irrefutable YES certificate y, and if x ¢ L there is an irrefutable NO certificate z,

and a verifier V*, running in TIME[t(n)] s.t.
o if x € L, y,, Vzs.t. Vi(x,y,,2) =1

o ifx ¢ L, Iz, Vy sit. V¥(z,y,2,) =0

Ve, Y*, Z%) :
1) Set output = 1.

3

(
)

2) If F(x) =0, return 0.
) Parse Y* to get y.
)

(
(
(
(4) For z; € Z*, do:

(a) output = output A V*(z,y%, 2).

(5) Return output.

Figure 3.2 O,TIME[t(n)?] Verifier for Language in S,TIME[t(n)] with ¢(n)-
uniformly-sparse Extension.
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Consider the string Y* which encodes a table of YES witnesses y; for every input
v € X. When z € L we set y* = y,, and when z ¢ L we will set y* = 0/™). The
size of Y* is O(t(n)?), since there are at most ¢(n) entries in the table each of length
t(n) +n. For every x € X N L, let z, be the irrefutable NO-certificate corresponding
to x for V*. We set Z* to be the concatenation of all such z,. The size of Z* is also
at most t(n)?.

We now show that Y* and Z* will serve as oblivious irrefutable “YES" and “NO"
certificates respectively for V. On input (z,Y™*, Z*), V first parses Y* to find the
corresponding 4% in time TIME[t(n)?]. Then for each z; € Z* we run V*(z,y?, z;). If
for all z;, V*(x,yk, z;) = 1 then V outputs 1, otherwise V' will output 0. Since we are
making at most ¢(n) calls that each cost TIME[t(n)], V runs in TIME[t(n)?].

To see correctness, we first analyze the case when x € L, then by construction Y*
includes y = y, and V will output 1. On the other hand if = ¢ L then there is an
irrefutable no-certificate z, in Z* so there is no y; such that V(z,y;, z,) = 1. Hence

V outputs 0. O]

Setting t(n) to be an arbitrary polynomial we can make the structural connection

between S,P and O,P.

Corollary 3.4.4. If L € S,P, and L has a uniformly-sparse-extension, then L € O,P.

3.4.2 LOWER BOUNDS AND HIERARCHIES

An important object that connects AvOID and circuit lower bound is the truth table
generator circuit. That is an element outside the range of PTT, s would constitute a

prefix of a truth table that cannot be computed by circuits of size s.

Definition 3.4.5 (Prefix Truth Table Generator [52, Definition 2.14]). For n,s € N

where 12 < n < s < 2" and |E, 5| = 5slogs < 2", the prefix truth table generator
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circuit PTT,,, : {0, 1}Ersl — {0, 1}/Ens+1 maps a n-input circuit of size s described

with |E,, ¢| bits into the lexicographically first |E, s| + 1 entries of its truth table.

It is not hard to see that one can construct the prefix-truth table generator very

efficiently.

Lemma 3.4.6 (|52, Lemma 2.15]). The prefiz truth table generator circuit PTT,  :
{0, 1}l — {0, 1}l has size O(|E,4|*) and can be uniformly constructed in

time O(|En.q/?).
Finally, we state the breakthrough S,P algorithms for AvOID.

Theorem 3.4.7 (|40, 96]). There exists a single-valued FS,P algorithm for Avoid.
Moreover, on input circuit C : {0,1}" — {0,1}"*, the algorithm runs in time

O(n|Cl).

We can now prove our lower bound for O,P. At a high level we first construct
a language in S,P, that cannot be computed by circuits of SIZE[n*]. We will then
see that this language admits a uniformly-sparse-extension, and hence must reside in

O,P, completing the argument.

Lemma 3.4.8. For every k > 1, there exists an explicit language L, € S,P, such

that Ly € SIZE[n*].

Proof. Set s = nlogn, and construct the circuit PTT,, ; corresponding to the prefix
truth table generator (Definition 3.4.5) of size O(5s%log® s) via Lemma 3.4.6. Let
fn € {0,1}Ensl+1 he the canonical solution to Avoid(PTT,.) as outputted by the
single-valued algorithm from Theorem 3.4.7.

The hard language Ly, is defined as follows: for any n € Z, the characteristic string

of Ly, is set to be Xy, = f][0% ~1Ensl=L,
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By definition of PTT, s and the fact that f, ¢ Image(PTT,s), we have that

Ly ¢ SIZE [s]. Since s = poly(n), the single-valued algorithm for finding f,, also runs

in poly(n). Hence Ly € S,P. O
We now show that the language we defined above, is in fact in O,P.
Theorem 3.4.9. For every k € N, there exists a Lj, € OoP, such that Ly & SIZE[n*].

Proof. Let Lj be the S,P language defined in the proof of Lemma 3.4.8 with the
characteristic string Xz, := f,||0%"71F=</=1. We now define the language L} whose
characteristic string &Xp,; |, = 11Bnsl+1]|02" = 1Ensl=1 To see that this L} is a uniformly-
sparse extension of Ly, clearly Ly C Lj. Moreover membership of x € L} can be
decided by checking if the binary value of x is less than or equal to |E, 5| + 1 which

can be done in linear time. O

Combining Theorem 3.4.9 along with the circuit size hierarchy theorem (The-

orem 2.1.4) we are able to get a hiearchy theorem for O, TIME.

Corollary 3.4.10 (|52, Theorem 3.6]). For any time constructible functiont : N — N

such that t(n) > n and any € > 0 it holds that: O, TIME[t(n)] € O, TIME[t(n)!*e].
We conclude, by highlighting why the results in this section are interesting;:

1. Our lower bound does not follow the framework of “win-win” style Karp-Lipton
collapses. As was mentioned above, since already O,P C P/Poly the pre-requisite

for proving the bound via the “win-win” argument will be self-defeating.

2. Our proof is constructive and for every k& € N we define an explicit language

Ly € O5P for which L Z SIZE[n*].

3. O,P becomes the smallest uniform complexity class known for which fixed-

polynomial lower bounds are known. Moreover, after more than 15 years, this
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class coincides again with the deepest known collapse result of the Karp-Lipton

Theorem.*

4. Our hierarchy theorem for O,P is the first hierarchy theorem of a uniform
sematic class known to contain BPP. Previous to this result the only way to
prove a hierarchy theorems for a semantic class required one bit of non-uniform

advice [100].

*Indeed, in the universe of [23] and [27] prior to our work, the smallest class has been
S,>P, while the deepest known collapse was to O,P.
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CHAPTER 4

MATRIX MULTIPLICATION AND VERIFICATION

The verification of matrix multiplication lies at the frontier of derandomization. In
the Matrix Multiplication Verification (MMV) problem, we are given three matrices
A, B, and C, and asked to determine whether C' = AB. Beyond its practical appli-
cations,! the problem has played a central role in theoretical computer science.

In 1979, Freivalds [49] gave a randomized algorithm running in O(n?) time for
MMV, which is optimal since simply reading the input requires ©(n?) time.? In con-
trast, the best known deterministic approach is the naive one: explicitly compute AB
and compare the result to C. Using the fastest known matrix multiplication algo-
rithms, this takes O(n®) time, where the current best bound is w < 2.372.

Perhaps most intriguingly, we obtain an improved deterministic algorithm running

3

1.99) entries.

in time O(n¥~¢) for instances in which AB and C' disagree on at most O(n
In contrast, when AB and C' differ on 2(n?) entries, our algorithm runs in time O(n%),
offering no improvement over the naive approach.

At first glance, this behavior seems counterintuitive. In the regime where the
matrices disagree on many entries, there is a simple O(n)-time randomized algorithm

that just samples a constant number of coordinates and checks whether AB, and

'Reed-Solomon fingerprinting can be viewed as a direct application of this algorithmic
paradigm, and it has had substantial practical impact, particularly in the design of more
efficient cryptographic proof systems [119].

2The input consists of three n x n matrices.

3Here € > 0 is a constant depending on the exponent 1.99.
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C agree on these positions. On the other hand, when the matrices disagree on say
just one position (and in fact up to n®%! positions) we can deterministically detect
each of these discrepancies in the optimal O(n?) time. Our result can therefore be
interpreted as isolating a “hay in a haystack” phenomenon in MMV, the true obstacle
to derandomization does not arise when discrepancies are sparse, but rather when
disagreements are widespread.

We establish our results by designing an algorithm for a harder problem: given

199) non-zero entries, we

two matrices A and B whose prouct AB has at most O(n
can compute AB deterministically in time O(n“~¢) for some constant € > 0. Using
a reduction from MMV to sparse matrix multiplication due to Kiinnemann (see [89]
and Lemma 4.1.4), we can use this algorithm to obtain improved deterministic algo-
rithms for Matrix Multiplication Verification. As a consequence, our algorithm not
only deterministically verifies whether AB = C, but in essentially the same running
time, it also identifies all entries on which AB and C' disagree. One can alternatively
view our results as an equivalence between the search and decision versions of MMV
in a fine-grained setting.

Finally, we present evidence suggesting that attempts to explain the limitations
of progress in matrix multiplication through the lens of the Strong Exponential Time
Hypothesis (SETH) may have to overcome significant challenges. Specifically, we show
that if matrix multiplication were hard under SETH, this would imply either super-
linear circuit lower bounds or the explicit construction of a rigid matrix.

While both superlinear circuit lower bounds and explicit rigid matrices are widely
believed to exist, proving either would require techniques far beyond what is currently
known. Thus, establishing SETH-hardness for matrix multiplication would not merely
highlight the complexity of matrix multiplication itself, but also implicitly constitute

major progress on longstanding lower bound questions.

46



This chapter is based on a couple of joint papers co-authored with Huck Bennett,
Alexander Golovnev, and Evelyn Warton [16, 17|. Much of the technical sections in
this chapter is taken verbatim from these works.

4.1 MATRIX MULTIPLICATION PRELIMINARIES

4.1.1 MATRIX MULTIPLICATION PROBLEMS

Definition 4.1.1 (MMpg). The Matrix Multiplication Problem over a ring R (MMpg)
is defined as follows. Given matrices A, B € R™ " for some n € Z*, compute their

product AB.

Definition 4.1.2 (Output-Sparse Matrix Multiplication). Let R be a ring, and let
Sin, Oout € [0,2]. We define the (dout)-OQutput-Sparse Matriz Multiplication Problem
over R ((0out)-OSMMpg) as follows. The input consists of A, B € R"*" for some

n € Z* satisfying the promise that ||AB]lo < O(n%). The goal is to compute AB.

Definition 4.1.3 (MMV?%). The Matrix Multiplication Verification Problem over a
ring R with sparsity parameter § € [0, 2] (MMV‘sR) is defined as follows. Given matrices
A, B,C € R™™ for some n € Z" such that ||AB — C||o < n° as input, decide whether

AB =C.

We use the following reduction from [89] with the additional observations that it

is sparsity-preserving and works over arbitrary rings.

Lemma 4.1.4 (|89, Proposition 3.1|). For all rings R, n € Z*, and 0 < § < 2, there
is a reduction from MMV%, on n x n matrices to 6-OSMM?Y, on 2n x 2n matrices that

uses O(n?) arithmetic operations on R.
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4.1.2 FAST RECTANGULAR MM

We next define rectangular matrix multiplication exponents and the dual matrix

multiplication exponent.

Definition 4.1.5 (Rectangular Multiplication Exponents). For constants «, 8,y > 0,
the rectangular matriz multiplication exponent w(c, B,7) is the infimum over all w’ > 0
such that the product of A € Z"*"" and B € Z""*"" can be computed using O(n*)
arithmetic operations.

We also define the (square) matriz multiplication exponent as w := w(1,1,1).

Definition 4.1.6 (Dual Matrix Multiplication Exponent). The dual matriz multipli-

cation exponent w is defined as
wh =sup{w > 0:w(l,1,0) =2} .

A beautiful line of work [6, 8, 47, 93, 94, 124| has established strong bounds on

multiplication exponents, in particular showing that

w < 2.371339 [8] ,

wh >0.321334 [124] .

Next we list several properties of rectangular matrix multiplication exponents

Wiy, 0).

We will make use of the following upper bound on w(a, 1,1).

Theorem 4.1.7 ([92, 99|). Let a € [0,1]. Then

2 if 0 <a<wt,
w(a, 1,1) <
w—2

1 —wt

2+ (o —wt) <1.825+0.548a ifwt <a<1.
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We note that the second case of Theorem 4.1.7 implies that if w > 2 then
w(1,1,5) <w for g < 1.
Finally, we state some properties about rectangular MM, that we will use in our

analysis.
Proposition 4.1.8 ([99]). Let ay, as, as, 1, B2, B3, A > 0. The following hold:
1. max(ag + ag, a1 + az,as + a3) < w(ag, ag, a3) < a + az + as.

2. w(og + Br, 0 + Bo, a3 + B3) < w(aq, as, az) + w(Bi, Ba, Bs).

4.2 MMV via OSMM

We now present our deterministic algorithm for MMV‘;2 and OSMM. In Section 4.2.1,
we formally define compressed sensing schemes and state our main theorem about a
concrete such scheme. In Section 4.2.3, we give a reduction from 5-OSMM to com-

5/2’171)

pressed sensing and instantiate the reduction to give our roughly n® -time deter-

ministic algorithm for -OSMM, proving Theorem 4.

4.2.1 COMPRESSED SENSING

We will use the following formalization of a compressed sensing scheme.

Definition 4.2.1. Let R be a ring and let m = m(n,t) be a non-decreasing, integer-
valued function. An m-compressed sensing scheme over R is a pair of algorithms
(M, R) that work as follows. On inputs n and ¢ in unary with 1 < ¢ <n, M outputs
a matrix H € R™*". On input Hx for a vector € R" satisfying ||z||o < ¢, R outputs

x

4In fact, the sparse recovery algorithm R needs to know the value of n, and often it also
needs t and H as well. This is usually handled by having the algorithm M also compute a
string o as preprocessing that is passed as auxiliary input to R. Without loss of generality,
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Here the matrix H output by M is called a measurement matriz, and R is called
a sparse recovery algorithm. We will crucially use the following theorem about an
explicit compressed sensing scheme from [18] (which we instantiate with a construc-
tion of expanders from [61]) in both of our main algorithms. The claim in The-

orem 4.2.2 follows implicitly by combining [18, 61].°

Theorem 4.2.2 (|18, 61|). Let R be a ring and let « > 0 be a constant. There is
a deterministic m-compressed sensing scheme (M, R) over R with m = m(n,t) =
t'+e.poly(logn). The algorithm M runs in time O(n), and the algorithm R performs
t1* . poly(logn) arithmetic operations over R.

Furthermore, the measurement matrizc H := M(1",1") is binary and d-column-
sparse for d = poly(logn), and therefore can be multiplied by an arbitrary vector

x € R" using ||z||o - poly(logn) addition operations over R.®

4.2.2 ALGORITHMIC OVERVIEW USING COMPRESSED SENSING

In this section we give an overview of how our algorithms use compressed sensing to

compute output-sparse matrix products.

Output-column-sparse MM using compressed sensing. We first consider the simple
case where every column ¢; of the output matrix C' = (¢, ..., ¢,) := AB is promised
to be t-sparse. Let H be the measurement matrix from your compressed sensing
scheme. We can now compute HAB parenthesized as (HA)B using fast rectangular

matrix multiplication, and then recover the columns ¢; of C' = AB from HC' using

we assume that o encodes H, n, and t, but it could also encode more. So, formally we
should write R(Hz, o) for running R on Hx, but for conciseness we often abuse notation
and simply write R(Hx).
SFor a formal proof combining the two constructions we refer the reader to[17, Appendix].
6 Assuming that H and x are given in sparse representation by lists of non-zero entries
(as in the output of the algorithm M).
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R asc; =R(Hc;) fori =1,...,n. If computing H takes T (n) time, R takes Tr(n)
time, and m = O(n?) for some B € [0,1], then for any constant ¢ > 0 the overall

running time of this algorithm is

O(Tp(n) + nBED*e 4 p Tr(n)) . (4.1)

Reducing OSMM to compressed sensing. We now show how to replace the assump-
tion in the above compressed-sensing-based algorithm for MM that every column of
C = AB is t-sparse with the “global” assumption that C is t?-sparse. If 2 = O(n°),
this is exactly the assumption in -OSMM. To do this, we use a two-pass reduction,
which roughly speaking first computes a matrix C’ that agrees with C' on sparse
columns and then computes all rows of C' — C’. This reduction appears formally
as Algorithm 1.

Assume without loss of generality that R always outputs some vector of length
n even when its input is not t-sparse. More specifically, assume that ¢, := R(Hc;)
is always a vector of length n with the guarantee that ¢, = ¢; if ¢; is t-sparse. Let
C":=(c,,...,c,). The key observation is that if C' = AB is t?>-sparse, then every row
of C'— C’" must be t-sparse. To see this, note that if C' is t>-sparse, then it has fewer
than ¢ columns that are not t-sparse, and that these are the only (potentially) non-
zero columns in C'— C’. We can then recover the entries of (C' — C’)T (and therefore
also C, since we know C’) by computing H(C' —C")T as (HBT)AT — H(C")T and then

running R on each column of the result.

4.2.3 DETERMINISTIC OSMM viA A REDUCTION TO COMPRESSED SENSING

In this section, we start by giving our two-pass reduction from OSMM to compressed

sensing in Algorithm 1. One may also view this reduction as a meta-algorithm. Making
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it into an explicit algorithm requires using an explicit compressed sensing scheme (we
note this in the “Subroutine” heading in the specification of Algorithm 1).

We next analyze Algorithm 1.

Theorem 4.2.3. Let R be a ring, and let A, B € R™" be matrices satisfying
|AB|lo < t* for t € ZT with t* < O(n°) for some § € [0,2]. Let (M,R) be an
m-compressed sensing scheme over R with m = m(n,t) < O(t - n®) for some a > 0.
Then on input A, B, Algorithm 1 outputs the matriz product C := AB. Furthermore,
if M runs in time Ty(n,t) and R runs in time Tr(n,t) then for any constant € > 0,

Algorithm 1 performs
O(TM (n, t) +n- TR(TL, t) + nw(5/2+a,1,1)+5)

arithmetic operations over R.

Algorithm 1: Deterministic output-sparse matrix multiplication over a ring
R.
Input: Matrices A, B € R™" over a ring R, and ¢t € Z* such that
|ABlly < .
Subroutine: An m-compressed sensing scheme (M, R) over R.
Output: The product C' = AB.

Compute a measurement matrix H € R™*" := M(1",1%).
Compute D = (dy,...,d,) := HAB using fast rectangular MM.
Compute D' := (R(dy),...,R(d,)). // t-sparse columns of C' = AB agree

with D'.
Compute F = (fy,..., f,) := (H(AB — D")T) using fast rectangular MM.
Compute F' := (R(f,),...,R(f,))- // F'=(AB-D"T.

return D’ + (F")T.

Table 4.1: Deterministic Algorithm for Output-sparse Matrix Multiplica-
tion

92



Proof. We start by proving correctness. Let C = (¢y,...,¢,), D' = (d,...,d), and
F'=(f1,...,f.). We assume without loss of generality that R outputs some vector
in R" on every input y € R™ (including when y # Hz for any t-sparse € R").

We note that C' has at most ¢ columns ¢; that are not ¢-sparse, since otherwise we
would have ||Cly > t*. Furthermore, by the specification of R, d, = R(He¢;) = ¢; for
each i € [n] such that ¢; is t-sparse. It follows that every row of C' — D’ is t-sparse,
and therefore that every column of (AB — D’)T is t-sparse. From this and again using
the specification of R, we get that F’ = (AB — D')T. Correctness then follows by
noting that C' = AB = D' + (F')".

We next analyze the time complexity of Algorithm 1. It makes one call to M
on input (17, 1%), which takes time at most T (n,t), and 2n calls to R, which takes
time at most 2n - Tr(n,t). Furthermore, because H € R™" for t = O(n%/?) and
m < O(t-n®) = O(n®?**), HAB and H(AB — D')T can be computed in time
O(n*®/2+eL.+e) for any constant ¢ > 0 using fast rectangular matrix multiplica-

w(8/2+a,1,1))

tion. All other operations run in O(n?) < O(n time. The result follows by

summing the running time bounds for each of these components. O
Our main theorem about solving OSMM deterministically follows as a corollary.

Corollary 4.2.4. Let § € [0,2], let R be a ring, and let ¢ > 0 be a constant. There
1s a deterministic algorithm for solving 6-OSMMpg on n X n matrices that performs

O(n®0/210%2) operations over R.

Proof. We instantiate the compressed sensing scheme subroutine needed in Algo-
rithm 1 with the scheme described in Theorem 4.2.2. Let a > 0 be a constant, which
we will set later, and let o/ be a constant satisfying 0 < o/ < . From Theorem 4.2.2,
we have that there exists a deterministic m-compressed sensing scheme where m =
m(n,t) =t . poly(logn) < O(tn®), with Th((n,t) < Tm(n,n) < O(n) < O(n*+*)
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and Tr(n,t) < Tr(n,n) < O(n'*®). Furthermore, we have that w(6/2 + a,1,1) <
w(6/2,1,1) + w(,0,0) = w(6/2,1,1) + a by Proposition 4.1.8, Items 1 and 2. Using
the fact that w(d/2,1,1) > 2 for all § € [0,2], we then have that for any constant

¢’ > 0 the algorithm performs at most
O(TM(n,t)+n-TR(n,t)+n“(5/2+°"1’1)+5/) < O(nl—l—a+n2+a+nw(5/2,1,1)+a+5/) < O<nw(§/2,1,1)+a+5’)

operations over R. To prove the claim, we need to show that the algorithm performs at
most O(n®(®/21.D+¢) operations. This follows by choosing £, > 0 such that £’ + o <

€. O
Now applying Lemma 4.1.4 we get a deterministic algorithm for MMV‘;.

Corollary 4.2.5. For every ¢ > 0 and 6 € [0,2], MMV, can be solved in
O(nw(1,1,5/2)+6).

4.2.4 COMPARISON TO PAST WORK

Deterministic MMV algorithms.  We note that w(1, 1, 3) < w for all § < 1 (assuming
w > 2; see Theorem 4.1.7), and so our algorithm is faster than matrix multiplication
when AB — C' is promised to be O(n’)-sparse for constant § < 2. Furthermore, it
is faster than Kinnemann’s algorithm [89], which is also for MMV in the regime
where AB — C'is sparse, when w(1,1,/2) < 14 6. The equation w(1,1,6/2) =1+§
whose unique solution corresponds to the crossover point at which our algorithm
becomes faster than Kiinnemann’s turns out to be relevant in other contexts too [131],
and [93, 124] both provide bounds on its solution. Specifically, [124] shows that the
solution ¢ to this equation satisfies 6 < 1.056, and so our algorithm in Corollary 4.2.5
is (strictly) faster than any previously known deterministic algorithm for MMV when

1.056 < § < 2. See Section 4.2.4.
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Figure 4.1 Running Times of Deterministic Algorithms for MMV when
AB — C is O(n°)-sparse for 1 < § < 2. Our algorithm from Corollary 4.2.5
is faster than the best known algorithms for matrix multiplication [124] and faster
than Kiinnemann’s algorithm [89] for all 1.056 < § < 2. The plotted blue points
corresponding to the running time of the algorithm in Corollary 4.2.5 are derived
from the bounds on w(1,1,d/2) in [124, Table 1]. The line segments connecting them
are justified by the fact that w(1,1,-) is a convex function.

Additional bounds on w(1,4/2,1) = w(1,1,/2)—and hence the running time of
the algorithm in Corollary 4.2.5—appear in [124, Table 1]|. For example, that table
shows that w(1,1,0.55) < 2.067 and w(1,1,0.95) < 2.333 (which correspond to § = 1.1
and § = 1.9, respectively). We again refer the reader to Section 4.2.4. We also note
that our algorithm runs in essentially optimal 6(712) time when § < 0.642 < 2w,
where w' 1= sup{w’ > 0:w(1,1,w') = 2} > 0.321 is the dual matrix multiplication
exponent [124], but that Kiinnemann’s algorithm [89] runs in O(n?) time for any

0 <1.
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——w(d/2,1,1) = Corollary 4.2.4 (Deterministic)
-+ w(0 —1,1,1) = [3] (Randomized)

"
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Figure 4.2 A Plot of the Running Time Exponents of Several Algorithms
for )-OSMM, with Arbitrarily Small Polynomial Factors Suppressed. The
blue curve gives the running time of our deterministic algorithm from Corollary 4.2.4,
which runs in n¢©/250 time. The red curve gives the running time of the randomized
algorithm from [3]. These algorithms both run in roughly n“®~14 time. The points
on the curves come from upper bounds on rectangular MM exponents in [124], and the
line segments connecting them are justified by the convexity of w(-, 1,1). We also plot
the running time exponents of the O(n™*{220+1})_time algorithm of Kutzkov [90] and
the O(n™>{2+9/2.20})_time algorithm of Kiinnemann [89]—which are the main prior
works giving deterministic algorithms for OSMM-—as well as the MM exponent w.

Deterministic OSMM algorithms. A long line of work has studied both input- and
output-sparse matrix multiplication [3, 9, 45, 63, 74, 75, 89, 90, 97, 105, 112, 121,
131]. Our deterministic algorithm in Corollary 4.2.4 substantially improves on prior
deterministic 6-OSMM algorithms for most values of §, and is never slower than them.
See Section 4.2.4. As noted above, our algorithm runs in essentially optimal quadratic
time for § < 0.642, and for every constant 0 < 2 it runs in O(n“~ ) time for some

e=¢(6) > 0.
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The main prior works on deterministic OSMM are Kutzkov [90], which gives a
O(n? + n?*1)-time algorithm for OSMM over the reals, and Kiinnemann [89], which
gives a O(n?*%/2 4 n?%)-time algorithm for OSMM over the integers. Their algorithms
only run in O(n*~¢) time for 6 < (w —1)/2 =~ 0.686 and § < 2(w — 2) ~ 0.744,
respectively. (One can also show analytically that Corollary 4.2.4 is at least as fast

as [89, 90| for all 6.7)

4.3 ON THE NON-SETH-HARDNESS OF MATRIX MULTIPLICATION

In this section, we show a barrier for proving a lower bound for Matrix Multiplication
(and, thus, for MMV) under SETH. More specifically, we show that if Matrix Multi-
plication is n?3!1-SETH-hard (recall Definition 2.3.6), then such a result would imply
either super-linear circuit lower bounds, or an explicit construction of rigid matrices.

We now instantiate a lemma from [16] highlighting that if the input matrices
are sufficiently non-rigid, then there is a simple non-deterministic algorithm that
efficiently multiplies non-rigid matrices. In [16], we provide a general proof against
nY-SETH-hardness for any v > 2, however for simplicity we focus only on the case

when v > 2.31.

Lemma 4.3.1 ([16, Lemma 4.3]). Let IF, be a finite field, and let A, B € F*™ be two

matrices satisfying
Fq 15 Fy 1.5
RnO.Q (A) S n 9 Rn()g(B) S n .

Then, there is a non-deterministic algorithm that computes AB in time O(n*3).

"By Theorem 4.1.7 we have that w(1,1,6/2) < 1.825 + 0.5485/2 from which it follows
that w(1,1,6/2) <26+ 1 for all § > 0.5. So, our algorithm is always at least as fast as the
algorithm in [90]. Furthermore, by Proposition 4.1.8, Item 1, w(d/2,1,1) < 24 ¢§/2 and so
our algorithm is always at least as fast as the algorithm in [89).
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We are now ready to present the main result of this section: a barrier to proving
SETH-hardness of Matrix Multiplication (and hence also of Matrix Multiplication
Verification). Below, by QP = DTIME[nP°¥(°e™)] we denote the class of deterministic

algorithms running in quasi-polynomial time.

Theorem 4.3.2. Let g be a prime power. If Matriz Multiplication over F, is n*3'-

SETH-hard then one of the following holds:

e NSETH is false, and hence EN? has super linear circuit lower bounds (The-

orem 2.3.3).

o There is a QPNP algorithm A such that for infinitely many values of N, A(1Y)

outputs a matriz A € IE'S“M where M = N satisfying

RI%0(A) > M.

MO-9

Specifically, the running time of the algorithm A on input 1V is NOUoglogN)

Proof. The high-level idea of the proof is the following. Assume there is a fine-
grained reduction R}, from k-SAT to MMy, for every k. For every A-SAT formula
on n variables, Ry adaptively produces a (possibly exponentially large) sequence of
MM instances. If for all large enough n, all the produced matrices are non-rigid, then
from Lemma 4.3.1 we have an efficient non-deterministic algorithm for all encountered
instances of MM, and, thus, an efficient non-deterministic algorithm for k-TAUT. This
refutes NSETH. On the other hand, if for infinitely many values of n, at least some of
the produced instances of MM are rigid, then we have an algorithm that brute forces
all k-SAT instances, applies R to them, and then uses the NP oracle to verify if they
are rigid. We will show that this algorithm finds rigid matrices M € Fév *N in time

NOUoglog N) with an NP oracle. Below we formalize this argument.
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Assume that MMp, is n**'-SETH-hard (see Definition 2.3.6). Then there exists
a function 6: Ryg — Ry such that for every & € N, (k-SAT,2") <; (MM, ,n7).
Let us fix g = 0.01/2.31, so that n>31(==0) = n23 and §, = d(y) € (0,1), where
0 is the function from the definition of SETH-hardness. For every k, let Ry be the
fine-grained reduction from k-SAT to MMg, guaranteed by the n**'-SETH-hardness
of MMp,. An n?3-time algorithm for MMp, would imply (via Rj) a 27(1=%)_time
algorithm for k-SAT. In particular, the reduction Ry runs in time O(27(1=%)).

For every k, let us consider the following algorithm A, equipped with an NP oracle.
On input 1V, if IV is not a power of two, the algorithm halts. Otherwise, the algorithm
sets n = logy, N and A\ = /4. Let ¢ = ¢(k, \) be the constant from the Sparsification
Lemma (Theorem 2.3.4). The algorithm 4, enumerates all k&-SAT formulas with n
variables and at most cn clauses, applies the fine-grained reduction Ry, to each of them,
solves all queried instances of MMy, by the trivial cubic-time algorithm, and this way
adaptively obtains all MM instances produced by Rj. Let us denote these instances
of MM by (A1, B),. .., (Ar, Br). For each instance (A;, B;) where A;, B; € F)/*M if

M > 200m/12 the algorithm checks if it satisfies
RI]F\;OAQ (Az)> Rli/qlog (Bz> 2 Ml's .

Since the problem of checking rigidity is trivially in coNP, A, checks this using the
NP oracle. If A;, finds a rigid matrix, it outputs the first such found matrix, otherwise
it outputs nothing.

Now we bound the running time of the algorithms Aj. Enumeration of all k-SAT
instances with n variables and cn clauses takes time (OS(ZZ)) = 20(nlogn) The running

time of the Sparsification Lemma, is 22" = 2%7/4_ The running time of each execution

of the fine-grained reduction is O(2"!=%)) and the time needed to perform each
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matrix multiplication is at most O(2%"(!=%)). This leads to the total running time of
90(nlogn) _ p\O(loglog N)

If one of the constructed algorithms A; outputs matrices on inputs 1V infinitely
often, then we are done, as we have a QPN" algorithm outputting rigid matrices
infinitely often. Indeed, the algorithms 4; output only rigid matrices, and the dimen-
sion of each such matrix is M > 2%7/12 = NO1),

In the following, we assume that for each k, there exists /Ny such that the algorithm
Ay, does not output matrices on inputs 1V for all N > N,. Equivalently, there exists
ny such that all k&-SAT formulas with n > n; variables and cn clauses, when fed to
the reduction Ry, result in instances (A;, B;) of MMy, with A;, B; € F}"** either of

size M < 2%7/12 or satisfying
Ritoo(A)) < MY and Ry%o(Bi) < M. (4.2)

We will use this to design a non-deterministic algorithm that solves k-TAUT in time
O(2"1=%)) for every k, which refutes NSETH.

Given a k-DNF formula ¢, we first apply the Sparsification Lemma to (the nega-
tion of) ¢ with A\ = §y/4. This gives us 2** k-CNF formulas ¢; such that ¢ is a
tautology if and only each ¢; is unsatisfiable. Therefore, solving k-TAUT for the
negation of each ; is sufficient for solving the original instance ¢. Now we apply the
reduction Ry to each ¢;. Recall that the fine-grained reduction runs in time 2(1—do)n
and, in particular, creates at most 2"!=%) instances of MM, each of size at most
2n(1=%) Therefore, the total number T of instances of MMy, we obtain is at most
T < 270 . gn(1=00) — 9(1=3%0/4)n Ve golve each instance of size M < 207/12 by a trivial
cubic-time algorithm. The overall running time to solve all such small instances is at

most T - 236on/12 < 2n(1—60/2)_
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Now we use the assumption that the algorithm A, does not find rigid matrices
for all but finitely many inputs. Therefore, for every n > ny, every instance (A;, B;),
A;, B; € FMXM where M > 2%0m/12 satisfies Equation (4.2). We apply Lemma 4.3.1 to
compute A; - B; in non-deterministic time O(M?*3). By the guarantee of the SETH-
hardness reduction R}, we have that a non-deterministic algorithm solving MMy, in
time O(M?*3) implies a non-deterministic algorithm for k-TAUT with running time

2n(1=%) This refutes NSETH, and finishes the proof of the theorem. n

Comparison with Known Rigidity Results. While the rigidity parameters that come
out of n?-SETH-hardness of matrix multiplication via Theorem 4.3.2 are not strong
enough for Valiant’s program for proving circuit lower bounds, they would improve
on all currently known constructions of rigid matrices. The main problem in this
area is to find an explicit matrix (i.e., a matrix from a complexity class where we
cannot prove circuit lower bounds: P, NP, or even ENP) of high rigidity for linear rank
r = 0(n).

The best known rigidity lower bound for matrices constructible in polynomial

time (i.e., from the class P) is RE(A) > Q <”72-10g %) [50, 108, 117], and it falls

short of achieving the rigidity parameters needed for Valiant’s program (that requires

rigidity Q(n'*) for r = O(n) for a constant € > 0). Goldreich and Tal [58] give

a matrix A € F™" constructible in time 2°™ (i.e., in the class E) of rigidity
r2log(n)

RE(A) > Q (”—3> for any r > y/n, which improves on the previous construc-

)>. Alman and Chen, and Bhangale et al. [7, 19| give a

; — _n
tions for r = o (log(n) TozTog(n

matrix A € Fy*" achieving very high rigidity RE2(A) > Q(n?) for sub-polynomial

rank r = 2¢log(n)/loglog(n) iy, pNP
We now compare the rigidity bounds implied by Theorem 4.3.2 from n”-SETH-

hardness for various values of v > 2 to the known lower bounds on rigidity. As seen
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above when v = 2.3 we get a matrix A of rigidity R0 (A) > n'®. The rigidity bound

obtained from v > 2.24 would improve upon the best known construction in E [5§]

0.751

for every r > n"*. The rigidity bound obtained from any v > 2.17 would already

improve upon the best known constructions in P [50, 108, 117] for every r > n%.
Finally, the bound obtained from any v > 2 would give us rigidity for higher rank

than the known PNP constructions |7, 19].
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CHAPTER 5

IMPROVED DATA STRUCTURES AND LOWER BOUNDS

Data structures model a natural form of computation that takes place in two
phases. First, given an input database, we perform a preprocessing step that produces
a data structure using S bits of space. Later, we must answer queries using only T
time and access to this stored information. One reason we study data structures is
because they naturally capture time-space tradeoff: how much space is required to
answer queries in time 7'.

For most data structure problems there are two trivial solutions. One approach is
to simply store the input database (S ~ N) and answer each query recomputing from
scratch, yielding T' &~ N. At the other extreme, we can precompute and store the
answer to every possible query in a lookup table (S & M, where M is the size of the
query space), allowing any query to be answered in constant time 7" = O(1). The goal
of designing non-trivial data structures is to find meaningful tradeoffs between these
extremes achieving both sublinear query time and using less space then a complete
look up table.

We study the complexity of designing data structures for the Orthogonal Vectors
problem. In the Orthogonal Vectors problem (OV,, 4), the goal is to determine whether
a set of n vectors 1, ..., z, € {0,1}% contains a pair that are orthogonal. The problem
plays a central role in fine-grained complexity, and its associated hardness assumptions
have been used to obtain tight bounds for a wide range of problems [38, 56, 122, 123,

128]. The most interesting regimes for d is the low-dimensional regime (d = clogn
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where ¢ is a large constant) and the moderate-dimensional regime (d = n®, for a

2—Q(1/loge

small constant ¢ > 0). The best algorithms for OV run in time n ) when

d = clogn |2, 29, 32, 71].

Here we will consider the data-structure variant of OV, known as the Online
Orthogonal Vectors problem (OnlineOV). The problem OnlineOV,, 4 is solved in two
phases by a pair of algorithms (P,.A). In the preprocessing phase, the algorithm P
receives n vectors xy,...,x, € {0,1}% and constructs a data structure o € {0,1}*
of size S. In the query phase, the algorithm A is given o and a query vector ¢ €
{0,1}¢, and must determine whether ¢ is orthogonal to any input vector z;. The
query algorithm runs in time 7". Such a pair (P, .A) is called an (S, T')-data structure
for OnlineOV,, 4, and the preprocessing time 7T’ is the running time of P.

The study of OnlineOV dates back to the 1970s [84, 110], and the problem has
since appeared in several areas including information retrieval, databases, and net-
working (see [5, 34, 64, 84, Section 6.5]). Moreover, OnlineOV is essentially equiv-
alent to several well-studied problems, most notably the Partial Match problem
(PartialMatch) [11, 30, 34, 44, 84, 110, 111]. It is also closely related to other funda-
mental problems such as Orthogonal Range Searching, Subset Query, DNF evaluation,
Maximum Inner Product, and variants of Nearest Neighbor search [2, 30, 34, 38, 72].

The best known deterministic algorithms for OnlineOV,, 4 are those by [34], which
run in (i) space S =mn - 90(dlog*(@)y/1/1ogm) o time T = n/2" for any ¢; and (ii) space
S = nd" and time T = O(nd/t) for t < n. Notably, when d = clogn for a large enough
constant ¢ > 1, a more efficient randomized algorithm [30] achieves space S = n'!

and query time T = n!~1/(clog(e)

In Theorem 5.2.1 we design a deterministic data structure that matches the

guarantees of the best known randomized data structure in the low-dimensional
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regime [30]. Moreover our data structure generalizes to arbitrary dimension d. As
a consequence, in Theorem 5.2.2, we further obtain the first improvements since [34]

for data structures in the moderate dimension regime.

On the other hand, one can study the hardness of OnlineOV in both the worst-
case and average-case settings [21, 59, 60, 73, 77, 98, 111]. Proving nontrivial data
structure lower bounds, however, is notoriously difficult. Nevertheless, there has been
substantial progress on lower bounds in restricted computational models |5, 10, 11, 72,
106, 107]. For example, [106, 107] showed that any decision tree solving OnlineOV,, 4
must either have size 2@ or depth Q(n'=%°/d).

When the preprocessing time is required to be efficient, conditional lower bounds
for OnlineOV can be obtained from standard fine-grained assumptions such as the
Strong Exponential Time Hypothesis (SETH). Using Williams’ reduction from k-SAT
to OV [128], one can show that under SETH, for every pair of constants a,d > 0
there exists ¢ > 1 such that OnlineOV,, ;1o cannot be solved with query time nt=o
and preprocessing time n®.

However, to prove lower bounds on the space used by a data structure, we must
strengthen our assumptions even further. In [6], the authors establish similar lower
bounds even under unbounded preprocessing, albeit at the cost of a stronger assump-
tion, namely the Non-Uniform Strong Exponential Time Hypothesis (NUSETH)
which roughly posits that SAT requires “perebor" even for non-uniform algorithms.

We push this paradigm further. In Theorem 5.3.3, we show that under NUSETH
there is no (N, N%%) data structure for OnlineOV y ys, even when every vector
in the input database has constant sparsity. Using similar ideas, we are also able
to connect two seemingly unrelated problems. In Theorem 5.3.6, we show that if
non-uniform algorithms solving the Hamiltonian path require 2" time, then any data

structure for 3-SUM must require super-linear space.
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This chapter is based on a paper co-authored with Alexander Golovnev, Sam
King and Sidhant Saraogi [53]. Much of the technical sections in this chapter is taken
verbatim from this work.

5.1 DATA STRUCTURES PRELIMINARIES

Let H denote the binary entropy function where H(p) = —plogp — (1 — p) log(1 — p)

for 0 < p < 1. Then,

Fact 5.1.1. Forall1 <k <n,

n
(1)

5.1.1 DATA STRUCTURE PROBLEMS

We define a data structure problem as a triplet (D, Q,F), which corresponds to
possible inputs D € D, D € {0,1}*, a collection of queries Q, and a function F :
D x Q — {0,1} which encodes the answers to all the queries ¢ € Q for inputs from

D.

Definition 5.1.2 (Data Structures). An (S,7T)-data structure for a problem
(D, Q,F) is a pair of deterministic algorithms (P,.4) that solve the problem in

two phases.

Preprocessing phase. In the first phase, the preprocessing algorithm P receives an
input D, and preprocesses it into a data structure o € {0,1}° consisting of S

bits.

Query phase. In the second phase, the query algorithm A runs in time 7', and
receives a query g € Q and (query access to) the data structure o, and outputs

1 if and only if F(D,q) = 1.
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In addition, we say that the data structure (P,.A) has preprocessing time Tp if P

runs in time at most Tp.

We generally wish to simultaneously minimize all three computational parameters:
the space S, the query time T, and the preprocessing time Tp. However, in our lower
bounds we will allow the preprocessing algorithm to be computationally unbounded,
which only makes our results stronger. In the upper bounds, we will present algorithms

with efficient preprocessing.

5.1.2 ONLINEOV AND RELATED DATA STRUCTURES

Definition 5.1.3 (Online Orthogonal Vectors (OnlineOV,,4)). For a dimension

parameter d := d(n), OnlineOV,, 4 is a data structure problem (D, Q, F) where:
e D={D: D is aset of vectors {1, ...,z,}, where z; € {0,1}4}.
e Q is the set of all vectors in {0, 1}<.
e F(D,q) =1 if and only if there exists x; € D such that z; L q.

In the special case where for every x; € D, ||z;||lo = ¢, we call this problem c-

Sparse-OnlineOV,, 4.

We will be primarily interested in two parameter regimes—when d = clogn for a
constant ¢ > 0 (OnlineOV,, .1o4,) and when d = n® for a small constant 0 < ¢ < 1
(OnlineOV,, ).

We will work with the following related data structure problems.

e PartialMatch,, 4: Preprocess n vectors (z1,...,x,) from {0,1}¢, and for a query

vector ¢ € {0,1,*}¢, output 1 if and only if there exists i such that for all j:
qlj] = * or q[j] = x;[j].

67



e SubsetQuery,, ;: Preprocess n sets S1,...5, C [d], and for a query ¢ C [d]

output 1 if and only if there exists an ¢ such that ¢ C S;.

e ContainmentQuery,, ;: Preprocess n sets Si,. ..., C [d], and for a query ¢ C [d]

output 1 if and only if there exists an ¢ such that S; C q.

e OrthogonalRangeSearch,, ;,: Let u be an integer. Preprocess n points (1, ..., 2y,)
from [u]?, and for a query vector ¢ = ({1,71,...,lq,74) that represents a rect-
angle in [u]? output 1 if there is an x; contained in the rectangle, i.e., if there

exists 7 such that for all j € [d]: ¢; < z;[j] < ;.

u

e (1+¢)-OrthogonalRangeSearch,, ,,: A generalization of OrthogonalRangeSearch,, ;
where every query rectangle is approximated by a larger rectangle containing

the query rectangle where each side is blown up by a factor of (1 + ¢).

e DNF-Evaluation, 4: Let ¢ be a DNF formula with n clauses and d variables.

Preprocess ¢, and for a query ¢ € {0,1}4, output 1 if and only if p(q) = 1.

Lemma 5.1.4 (|2, 34, 38, 72]|). If there is an (S, T)-data structure with preprocessing
time Tp for any of the following problems, then there is an (O(S),O(T))-data struc-

ture with preprocessing time O(Tp) for OnlineOV,, 4.
PartialMatch,, 4, SubsetQuery,, ;, ContainmentQuery,, , ,
OrthogonalRangeSearch,, ,,, DNF-Evaluation,, 4 .
Lemma 5.1.5 (|2, 34]). If there is an (S,T)-data structure with preprocessing time
Tp for OnlineOV,, 4, then there is an (O(S), O(T))-data structure with preprocessing
time O(Tp) for each of the following problems.
PartialMatch,, 4/2, DNF-Evaluation, 4/2, SubsetQuery,, 4,
ContainmentQuery,, 4, (1 + ¢)-OrthogonalRangeSearch,, oz /10gu),u
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5.1.3 NON-UNIFORM ALGORITHMS AND CONJECTURES

In this work, we study the non-uniform version of SETH. Therefore, we begin with

the definition of non-uniform algorithms.

Definition 5.1.6 (Non-Uniform RAM). A non-uniform RAM algorithm is a RAM
algorithm A and an infinite family of advice strings {a; };cz+. Such an algorithm solves
a problem P in time T and using S bits of non-uniform advice if for all sufficiently
large n, (i) the length of |a;| < S, and (ii) for every input z of length n, A(z,a,)

solves P on input x in time 7.

Now, equipped with the definition of non-uniform algorithms, we are ready to

state the Non-Uniform SETH.

Conjecture 5.1.7 (Non-Uniform SETH (NUSETH)). For every constant € € (0, 1)
there exists k € Z™ such that no non-uniform RAM algorithm solves k-SAT on for-

1—e)n

mulas with n variables in time 2( using 27" bits of advice.

On the choice of the computational model in NUSETH. Various non-uniform ver-
sions of SETH and related conjectures have been studied in previous works (see,
e.g., |4, 26, 42, 55]). There are two natural choices for the computational model in the
conjecture: non-uniform circuits and non-uniform RAM algorithms, and the former
model would lead to a weaker conjecture.! For simplicity, in this paper, we choose to
adapt the stronger version of the conjecture: no non-uniform RAM algorithm solves
k-SAT in 2(1=9)" for all k. The point of this work is to show that when we construct

a non-trivial data structure for OnlineOV (or a number of related problems), we will

INote that even for the extremely well-studied SETH conjecture, there is no clear agree-
ment on the computational model. In particular, a 27/2 RAM algorithm for SAT would not
necessarily imply a Turing machine solving SAT in fewer than 2" steps. Therefore, such
an algorithm would refute SETH stated for RAM algorithms but not the Turing machines
version of SETH.
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obtain a faster-than-2" non-uniform algorithm for SAT. This will be great regardless
of the definition of NUSETH!

Finally, we state the non-uniform version of the conjecture regarding the hardness
of Hamiltonian Path. We say that a path in a graph is simple if it does not repeat any
vertices. In the Hamiltonian Path problem (HamPath), given a directed graph G on n
vertices, the goal is to check if GG has a simple path that visits every vertex. While many
special cases of HamPath admit efficient algorithms (including Bjérklund’s celebrated
algorithm for Undirected HamPath [20]), the best known algorithm for the general
case of the problem is due to Bellman, and Held and Karp [15, 66|, and dates back 60
years. This algorithm runs in time O(2" - poly(n)), and despite much effort, no faster
algorithms are known even in the non-deterministic and non-uniform settings. Since
progress has been hard on this problem we state the following non-uniform conjecture

for Hamiltonian Path.

Conjecture 5.1.8 (Non-Uniform HamPath Conjecture). For every constant ¢ €
(0,1), no non-uniform RAM algorithm solves HamPath on graphs with n vertices in

time 207" yusing 27" bits of advice.

We will use the following version of the dynamic programming algorithm for

HamPath from [15, 66].

Proposition 5.1.9 (Implicit in [15, 66]). There is a deterministic algorithm that for

every k := k(n) outputs all simple paths of length at most k in a given n-vertex graph
in time () - poly(n).

Proof. For a set of vertices S C [n] and a pair of distinct vertices u,v € S, let
DI[S,u,v] = 1 if there exists a simple path starting at the vertex u, passing through
all vertices of S, and ending at the vertex v, and 0 otherwise. Each value D[S, u,v]

can be computed in linear time given the values of D[S’ u,v'] for smaller sets S’
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Therefore, the naive dynamic programming algorithm computing D[S, u,v] for all

sets S of size |S| < k runs in time () - poly(n). O

5.2 IMPROVED DATA STRUCTURES

In this section we sketch the construction of our fast data structures for the OnlineOV
problem. We will focus on the case where the input X C {0,1}¢ contains | X| = n
vectors of dimension d := clogn. First, we describe a simple algorithm which is
efficient on average when the input vectors are picked independently and uniformly

at random.

5.2.1 AVERAGE-CASE ALGORITHM

We begin with the simple observation that, when X is chosen at random, it is unlikely
that there exists a large subset X’ C X and a large set of coordinates S C [clogn]
such that every vector x € X' satisfies z|g = 0. Let Yg := {z € X: =z|s = 0}.
To quantify the observation, we fix some appropriate ¢ > 0 such that, with high
probability, we expect that |Yg| < n!'™¢ for an arbitrary S of certain size t. Note
that Ex[|Ys|] = n - 5. Using the Chernoff and union bounds, [Ys| < n'~¢ for all
|S| =t =~ elogn with high probability.

Armed with this observation, our average-case algorithm is simple to state. In the
discussion below, we will focus on the space complexity of the data structure and
the query time of the online phase. In the preprocessing phase, AverageOVPre uses
( gdt) space to store the answers to all possible sparse queries of Hamming weight < t.

Furthermore, it stores the lists of relevant inputs Y for all S C [clogn] with |S| = t.

clogn

. ) - n'=¢ with high probability. In the online phase,

This takes space at most (

AverageQV0nl, if the query ¢ has Hamming weight ||q||o < ¢, it takes constant time
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to check the answer among the stored answers. Otherwise, the algorithm picks the
first set S of ¢ 1’s of ¢q. These coordinates must be 0 in any orthogonal input vector
and therefore belong to Ys. Now, in time |Ys| < n'~¢ it is easy to check if one of the
vectors in Yy is orthogonal to q.

To summarize, the space required by AverageOVPre is at most (ggé’;) -t <

nltelosee/s) “and the query time of AverageOV0nl is at most O(n!~®).

5.2.2 PSEUDORANDOMNESS

For an arbitrary set of input vectors X, there is no guarantee that X behaves like a

clogn

5 coordinates

random input. For example, every vector in X could have its first
be 0. Then one of our stored lists has size \Y[Clog n /2]| = n, leading to our average-case
algorithm having poor query time. However, violating the assumption that Y is small
for a particular S leads to finding some structure in our problem. For example, in
the above case, we could reduce the dimension of the problem by half. We formalize
this intuition by defining a simple notion of pseudorandomness. For any ¢ > 0, we
say that X is (n'~¢, t)-pseudorandom if for every S C [clogn] with |S| = ¢, we have

that |Ys| < n'=¢. While we cannot expect X itself to be pseudorandom, we find a

decomposition of X = X’ X; U---U X, such that:

e For each X;, we have | X;| = n'~¢. Additionally, we find a corresponding S; C
[clogn], |S;| = t, such that each x € X, satisfies x|, = 0. For the purpose of
finding orthogonal vectors in X;, we can ignore the coordinates in S;, i.e. X; has

some structure.

e The remaining part X’ of X is (n'~¢, t)-pseudorandom.
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5.2.3 WORST-CASE ALGORITHM

We now describe our worst-case algorithm. First, using a greedy procedure, we find an
appropriate decomposition of X = X'UX;1J-- -1 X, as above. As in the average-case

algorithm, in the preprocessing phase, OVPre (computes and) stores:

1. the answers to all possible sparse queries ¢ with ||¢||o < t in space (digt"), and

2. for each S C [clogn] with |S| = ¢, a list of candidate orthogonal vectors Yg

from X' with |Ys| < n'~¢ in total space (“'%¢") - n!==.

From this information, as in the average-case algorithm, we can answer all sparse
queries and check any queries against the candidate vectors in the pseudorandom
part X’. However, this leaves us with all the remaining candidate vectors in the
structured parts X,..., X,-. For each set of vectors X;, we can drop the coordinates
in S; as they are always 0. In other words, each X; defines a subproblem of OnlineOV
with n'~¢ input vectors in clogn —t dimensions. Therefore, OVPre recursively creates
a data structure for each of the n® sets X;. This recursion continues until (A) the
subproblem contains just one vector, in which case the algorithm just stores that
vector, or (B) the dimension gets small enough, in which case the algorithm stores the
answers to all possible queries. We can then use induction to argue that each recursive
data structure requires space & (<°8™) - n1=% for (°°#™) . n!=¢ space total across all
recursively-constructed data structures, about matching the amount of space needed
for the pseudorandom part.

During query time, if ||g|lo < ¢, OVOnl simply looks up the answer. Otherwise,
it finds the first ¢ non-zero coordinates of ¢ and checks the corresponding list Ys of

candidates from X', which takes time at most n!~¢. Finally, it determines whether

there are any orthogonal vectors in each X; using the recursively-constructed data
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structures. By induction, we argue that each of these subproblems takes time at most
~ n'=% for n'~¢ time total across all of the structured parts.

For technical reasons, we need to vary the parameters ¢ and ¢ at different levels
of recursion. To do this, we introduce a parameter ¢ to track how many levels of
recursion you are above the base case (i = 1 is at the base case), and we set ¢ = 1/i
and t = clogn/i. Thus, setting the top level of recursion to be at ¢ ~ clogec, we get
query time 7' < n!=0/¢108¢) and space S < O(n'*?) where § > 0 is an arbitrarily small
constant. Moreover, OVPre is time efficient, with preprocessing time T, < O(n!*?),
We now formally state our results. In the regime where the dimension d = clogn,

we give the state-of-the-art data strucutre for OnlineOV,, 4. Our data structures are

deterministic and combinatorial.

Theorem 5.2.1 (|54, Corollary 3.9]). Consider any ¢ > 1, sufficiently large n and
any 6 > Q(logce/c). There is an (S,T)-data structure with preprocessing time T, for

OnlineOV,, c10gn where:
T=0 (nl_o(cllog@) , and S, T, = é(n1+5) .

Our data structures have the added feature of working in arbitrary dimensions. As

a result we get better data structures in the moderate dimension regime with d = n°.

Theorem 5.2.2 (|53, Corollary 3.8|). Consider any n,d and € < 1/2, then there

exists an (S, T)-data structure for OnlineOV,, 4 with preprocessing time T, such that:
T < nlfsd ’ S = nlfsd 20(6d10g(1/€)) , Tp < n1+3€d 20(€dlog(1/s)) )

Finally, we can also combine our data structures with known reductions from
various online problems to OnlineOV to obtain new deterministic data structures
for these problems (Corollary 5.2.3). These problems include Partial Match, DNF-

Evaluation, Subset Query, Containment Query, and Approximate Orthogonal Range
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Searching (See Section 5.1.2 for definitions). All of our data structures can be easily
modified to work for reporting versions of the problem, i.e., returning all the orthog-
onal vectors in the input as opposed to identifying if one exists, with minimal over-

head.

Corollary 5.2.3. For all large enough n,c and § > Q(logc/c), there are (S,T)-data

structures with preprocessing time T, for each of the following problems:

PartialMatch,, 105, DNF-Evaluation,, c1o5n, SubsetQuery,, .1oqn;

ContainmentQuery,, 1oz, (1 + €)-OrthogonalRangeSearch,, o101/ 1og u) -

where

T = n~Uewez)  and S, T, = O(n'*) .

5.3 LOWER BOUNDS

In this section, we use hardness conjectures against non-uniform algorithms for k-
SAT (Conjecture 5.1.7) and HamPath (Conjecture 5.1.8) to prove polynomial lower
bounds on the space and query complexities of data structures (with computationally

unbounded preprocessing) for Sparse-OnlineOV and 3-SUM.

5.3.1 SPACE LOWER BOUNDS FROM NON-UNIFORM SETH

We begin by defining the hardest OnlineOV instance: a family of sparse OnlineOV
instances for which efficiently checking orthogonality against the vectors in the
instance would enable us to solve SAT for any input formula. We then show that
there exists an explicit hardest OnlineOV instance, and we use it to prove space lower

bounds for a range of data structure problems.
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Definition 5.3.1 (Hardest OnlineOV Instance). For a function w := w(k) and a
constant 0 € (0, 1], a family (Dy )N wez+ of OnlineOV instances is a (w, d)-hardest

OnlineOV instance if it satisfies the following properties.

e For every N, w, Dy, is an OnlineOV instance whose input contains N w-sparse

vectors of dimension O(N°?).

e Efficiently computable: there is a deterministic algorithm that, given N and w,

outputs Dy, in time O(Nw).

e Evaluating (Dyw)Nwez+ solves k-SAT: There is a deterministic algorithm A
that, given a k-SAT formula ¢ on n variables, outputs a vector a, of dimension
N? for N = 2" and w = w(k) such that ¢ is satisfiable if and only if there is a

vector in Dy, that is orthogonal to a,. The running time of D is O(N9).

Lemma 5.3.2 (|53, Lemma 4.2|). For every constant 6 € (0,1], there is a (w,J)-

hardest OnlineOV instance with w = (%5).

We now use Lemma 5.3.2 to show that under Non-Uniform SETH, computation-
ally unbounded data structures even for the batch version of Sparse OnlineOV require

either super-polynomial space or nearly linear time per query.

Theorem 5.3.3. Under NUSETH, for all constants ¢, > 0 and 6, € (0,1), there
exists constant w such that no batch data structure with computationally unbounded
preprocessing can answer a set of n® queries of w-Sparse-OnlineOV,, 4 for d = n’ in

space n¢ and time n'~ per query.

Proof. Assume that there exist constant ¢, d, o,y and a data structure that solves n®

queries of w-Sparse-OnlineOV,, 4 for d = n° in space n® and time n'~7 per query. Let

S =min(1/(2¢), 1/(a+1)),

e =min(1/2, 5(1 —9), 5v) .
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We will construct a non-uniform algorithm solving k-SAT on m variables in time

9)m for every constant k, which refutes NUSETH.

Let ¢ be a k-CNF formula on m variables. We apply the standard branching argu-
ment based on the downward self-reducibility of k-SAT. Namely, for every assignment
u € {0,1}1=8)m to the first (1 — B)m variables of ¢, let o, be the remaining k-CNF
formula on Sm variables. Note that ¢ is satisfiable if and only if at least one ¢, is
satisfiable.

For each u € {0,1}!=9™ e wish to determine if ¢, is satisfiable. By Defini-
tion 5.3.1, we obtain a vector of dimension N?, a,, such that there exists v € D w
with v L a, if and only if ¢, is satisfiable. Let Q be the set of the vectors for all
formulas ¢,. Note that size of |Q| = 207%™ and that by Definition 5.3.1 it can be
computed in time O(|Q| - nf) = 2(1-8+60)m — o1-A1-8)m.

The constructed non-uniform algorithm for k-SAT uses the advice string o and
the query algorithm for the w-Sparse-OnlineOV,, ; problem to determine if there is
an orthogonal pair of vectors in Q and D.

First we argue the correctness of the designed non-uniform algorithm for k-SAT.
First, by self-reduction of k-SAT, ¢ is satisfiable if and only if one of ¢, is satisfiable.
By Definition 5.3.1, ¢, is satisfiable if and only if there exists v € Dy, with v L a,.

Now we analyze the running time of the designed algorithm for k-SAT. The length
of the advice string o is S = n® = 20 < 2m/2 < 2(=9)m by the choice of B < 1/(2c¢)
and € < 1/2. The time needed to construct all queries Q is 2(1=BA=8)m < 9(l—e)m
by the choice of ¢ < B(1 — §). Finally, since the number of queries |K| = 2™ >
2(@B)m — n@ is no less than the number of queries in the assumed batch data structure,
the running time per query is n' =7, and the total running time of the OnlineOV query

algorithm for all queries is |Q| - n!~™7 = 20=1m < 9(1=a)m by o < 3~ O
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Finally, we observe that since some problems admit sparsity-preserving reductions
from OnlineOV, we can establish hardness results for their sparse variants in the sub-

linear dimension regime from Theorem 5.3.3.

Corollary 5.3.4. Under NUSETH, for all constant ¢, > 0 and 46,7 € (0,1),
there exists constant w such that no (n° n'~7)-data structure with computationally

unbounded preprocessing for any of the following problems with d = n°.

w-Sparse-SubsetQuery,, ;, w-Sparse-ContainmentQuery,, ;, Monotone-w-DNF-Evaluation,, 4 .

5.3.2 SPACE LOWER BOUNDS FROM NON-UNIFORM HAMPATH

In this section, we show that an efficient data structure for 3-SUM with preprocessing
would imply a non-uniform algorithm for HamPath with running time exponentially

smaller than 2". First, we define the 3-SUM problem with preprocessing.

Definition 5.3.5. 3-SUM with preprocessing is a problem to be solved by a pair of

deterministic algorithms (P, .A) in two phases.

Preprocessing phase. In the first phase, the algorithm P receives k sets: X7, Xy, X3
each consisting of N integers, and preprocesses them into a data structure o €

{0,1}7 consisting of S bits.

Query phase. In the second phase, the algorithm A receives a query x| C X, A C
Ao, Xy C A5, (query access to) the data structure o, and runs in time 7. A
outputs 1 if there exist 1 € X, x5 € Xy, x3 € Ay such that x1 + x9 = xy, and

it outputs 0 otherwise.

Such a data structure is called an (5, T')-data structure for k-SUM with preprocessing.

Theorem 5.3.6. Under the Non-Uniform HamPath Conjecture, there is no (N0 N1.088)_

data structure with computationally unbounded preprocessing solving 3-SUM.
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Proof. Let G be an instance of HamPath on n vertices. If n is not a multiple of 3,
assuming r = n mod k, we add to the graph a path on (3 — r) vertices, and add an
edge from each vertex of the original graph to the first vertex of the path. The new
graph has a Hamiltonian path if and only if the original graph does. Thus, in the
following we will assume that n is a multiple of 3.

Assume, towards a contradiction, that there is an (N0 N1.08)_data structure
(P, A) for 3-SUM with preprocessing. Then on input sets Xj,...X; of size N, the
computationally unbounded P outputs a data structure o € {0, 1}V 6, and for every
query ¢ = {X'} C X}, X'y C Xy, X'3 C X3}, A%(q) runs in time T = N? and outputs
1 if and only if there exist 2} € X'y, 2}, € X'y, 2 € X’3 such that o) + 2}, = 7.

We describe a (non-uniform) reduction from HamPath to 3-SUM with prepro-
cessing. For a set S C [n], let Int(S) denote the integer from {0,...,2" — 1} whose
binary representation is the indicator vector of S. Let §,/3 be the collection of all
subsets of [n] of size n/3. We run the preprocessing algorithm P for 3-SUM on the

following sets of size N = |S,,3|.

Xl; XQ = {Int(S) S € Sn/g} s

X3 = {2” —-1- Int(S): S e Sn/g} .

We store the returned data structure o € {0, 1} * as the non-uniform advice of our
algorithm for HamPath. (We note that the sets &; only depend on n and do not
depend on a HamPath instance.)

Next, we describe a RAM algorithm solving HamPath for a given n-vertex graph
using the advice string o and the query algorithm A for 3-SUM with preprocessing.
First, we use the dynamic programming algorithm of Proposition 5.1.9 to find all

simple paths of length exactly /3 in time <S:zl/3) -poly(n) < 2"H0/3) . poly(n). For a
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set S € S,,/3, and vertices u, v € [n], we define the following variable,

[ | 1 ifu € S and 3 a simple path from u to a neighbor of v using all vertices in S,
D[S, u,v| =

0 otherwise.
Using the fact that each Hamiltonian path can be partitioned into 3 disjoint simple
paths of length n/3, we have the following. G has a Hamiltonian path if and only
if there exists a set of 4 vertices vy,...,v4 € [n| and a collection of 3 disjoint sets:

S1, 59,53 € Sn/g such that
/\ DI[S;,vi, vipa] = 1.

1€[3]
Next, we design n* 3-SUM queries that will determine whether G has a Hamilto-

nian path. For every ¢ = (vy,...,v4), we compute the following subsets:
X ={Int(S): S €S8,/3, v; €S, and D[S, v;,v;41] = 1} for i € [1,2]
Xy ={2"—1—1Int(S): S €S,/3, vx €S, and D[S, v3,v4] =1} .
Since for every i € [3], Ay C X, we can use the query algorithm A for the 3-
SUM with preprocessing to check if there exist x; € X}, zy € Xy, x5 € XY such that

r1 + 29 = 3. Or, equivalently, if there exist v1,...,v4 € [n] and Sy, 55,595 € S,,/3 such

that
Int(S1) + Int(S2) + Int(S3) =2" —1 and D[S;,v;,v;11] =1 for alli € [3]. (5.1)

The algorithm reports that there exists a Hamiltonian Path in G if and only if at

least one of the 3-SUM queries returns 1,
VAT ).

This completes the reduction. We first argue the correctness of the reduction.

Namely, we show that Equation (5.1) holds for one of the queries if and only if G

30



has a Hamiltonian Path. Let (aq,...,a,) be a Hamiltonian path in G. For i € [3],
we set v; = a14(i—1)n/3, and we set vy to be an arbitrary neighbor of a,. Similarly,
Si = {a14(@—1)n/3, - - - Qinys} for every ¢ € [3]. Note that D[S;,v;,v;41] = 1 for all
i € [3]. Finally, since all S; are disjoint, we have that Int(S;)-+Int(S2)+Int(S;) = 2"—1,
which implies that Equation (5.1) holds for the query ¢ = (vy, ..., vy).

For the other direction, let us assume that Equation (5.1) holds for some ¢ =
(v1,...,v4) and Sy, So, S3. We use the fact that the sum of 3 numbers, each having
exactly n/3 ones in their binary representation, has n ones in the binary representation
if and only if the supports of the ones are disjoint. Thus, Equation (5.1) implies that
all S; are disjoint. This, together with D[S;, v;,v;41] = 1 for all i € [3], gives us a
Hamiltonian path in G.

We now analyze the complexity of the presented algorithm for HamPath. The non-
uniform advice has length N = 20"7(1/3) . poly(n). The running time of the algorithm
is bounded by the running of the dynamic programming algorithm of Proposition 5.1.9

and n* queries to A,
2nH(1/3) -poly(n) + n4 i N6 _ (2nH(1/3) + 26nH(1/3)) -poly(n) _ (26nH(1/3)) -poly(n) ]

Plugging in § = 1.088, we have that 20H(1/3)n — 90.991n « 9n Thys we get
a faster than 2" non-uniform algorithm for HamPath, and refute the Non-uniform

Hamiltonian Path Conjecture. O]
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