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Orthogonal Vectors Problem

W S, T are sets of N vectors from {0,1}9. Are theres € S
andteTsuchthats-t=S"7 s -t =07

B d is small compared to N, say, d = O(log N)

B Can solve intime N2 -d

s there a N99999%9 algorithm for OV?
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Unconditional Lower bounds

B Complexity Theory Dream: Prove Unconditional Lower
bounds

B We don't really have a good toolkit yet to argue about
lower bounds.
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SAT

B o(X,.... X)) = VXaV...VX) A
A
(X2 \/)(_3\/\/X8)

B o is satisfiable if Ix € {0,1}": o(x) = 1.
Otherwise, ¢ is unsatisfiable

B 1 Boolean vars, m clauses
B m=0(n)

B ~-SAT is SAT where clause length <k
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SAT from the perspective of lower bounds

B SAT is NP-hard

B If we believe P # NP, then we can view NP-hardness as a
conditional lower bound

Assumption: P # NP
There is no polynomial time algorithm for SAT.

Corollary:

Under P # NP, there is not polynomial time algorithm for
YFP.

B YFP = { Hamiltonian Path, Traveling Salesman,
Independent Set, Clique, 3-Coloring, ...}
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Proof by Human Effort

“I can’t find an efficient algorithm, because no such algorithm is possible!”



Proof by Human Effort
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More conditional lower bounds?

B SAT can be solved in time O(2" - poly(|¢]))

B We don't know how to solve SAT exponentially faster: in
time 2°99%°" even when m = O(n)

B Can we prove conditional lower bounds on polynomial
time problems?

n
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Strong Exponential Time Hypotheses

Strong Exponential Time Hypothesis (SETH)

For every e > 0, there exists k such that no algorithm
solves R-SAT on formulas with n variables in time 2(1=¢)n

m Without loss of generality, assume m = cn for a large
constant ¢ [IPZ01]

m SETH as a limit of current algorithmic techniques

m Refuting SETH implies super-linear circuit lower
bounds

12
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SETH — 0OV

B Under SETH, OV cannot be solved in time N>=¢ [W05]

B Given a CNF ¢, split its n input variables into two sets of
size n/2

B For each assignment to the first group — a vector in S,
for each assignment to the second — a vectorin T

BN =2"?

14



SETH — 0V

2n/2<

m = o(n)

m = 0(n)
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S

T
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SETH — 0V

2n/2<

ith clause
- is not sat
by jth assignment

m = 0(n)

A

T

>2n/2
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SETH — OV. Example

(X1 VX VIS)A (T VX VX)) A (X VX5V Xg) A (X1 V X5V Xe)
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B For an assignment x € {0,1}"/2, add s € {0,1}" to S:
s; = 1iff x doesn't satisfy clause C;
B pisSATIfAdse S, teT:
Vie[m]: xi-yi=0

B An N2~ algorithm for OV gives an algorithm for SAT with
run time
N + NZ—E — (2n/2)2—s — 2n(1—s/2)
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OV Conjecture

Orthogonal Vectors Conjecture

For every e > 0, there exists ¢ > 1 such that no algorithm
solves Orthogonal Vectors on dimension d = clogn in
time n>—¢

m P vs NP is too hard

m |s SETH False? Beating brute force for SAT doesn’t
sound that crazy?

m Best algorithm for OV run in time O(n?="/10g¢) [AWY14]
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Online Orthogonal Vectors Problem

rQ

N+ q

Does there exist input vector
whose set of 0s contains g's 1s?

O O - O KR
(RN e J S QSN
[ SRR o)
, O O - -
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Equivalent Formulations

SubsetQuery: preprocess n sets Sy, ...,S, C [d]. For a
query g C [d], checkif3i: g C S;.

ContainmentQuery: preprocess n sets Sy,...,S, C [d].
For a query g C [d], check if 3i: S; C q.

PartialMatch: preprocess n vectors x4, ..., X, € {0, 1}7.
For a query g € {0,1, *}9, check if

Ji: forall j, q[j] = * or q[j] = xi[J]-

DNF Evaluation: preprocess a DNF ¢ with n clauses and
d variables. For a query x € {0,1} evaluate o(x).
OnlinelnnerProduct, OrthogonalRangeSearch,
ApproximateNearestNeighbors, ...

20
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Time-Space Tradeoffs

W Preprocess the N input vectors from {0, 1}¢ into data
structure o € {0,1}°,d = clog N

B Answer each query intime T
B Two trivial solutions:
WmS=N-dT=N-d

BS=N,T=d
B Can we simultaneously have T < N and S <« N?

21
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Conjeqwe [GLP

Fordiclog '

Conjecture [GLP17]

For d = clogN, either S > Q(N“") or T > Q(N) even on
average-case inputs.

; 1
or d = w(log N), either S = 2% or T = Q(N).
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Algorithms
m [GLP17]: Algorithms with S = N %3 and T = N'—=.

m [GLP17]: Algorithms with S = N“=%%9 and T = N~ in
the average case.

m [Chal7 AJW25]: Randomized algorithms with S = N
and T = N,

m [CIP02]: Algorithms for d > log N.
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Average-case OnlineQV: Toy Algorithm

Clog N

---------------- - a typical vector has =~ clog N/2 zeros

N< it has < 2¢leN/2 — N¢/2 orthogonal queries
store all queries g that have an or-
thogonal vector in the input in space

S S NC/2+1 < N1
look up each query in time T < N

2%
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N+

Clog N

sparse query

Store the answer for each such query

S<(GEN) <N

T=d
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N+

Clog N

0000

0000
0000

0000
0000

dense query

# of such vectors in random input is
N/zslogN _ NT—&

V set of elog N coordinates, store all such
Input vectors

HGHREEE

T<N'=¢
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Applications

m Data structure for average-case OnlineOV with S = N'!
and T = N'-"/logc

m Even the preprocessing is efficient T, = N

m Solves average-case Offline OV in time N2~/ log¢

26



Worst-Case OnlineQV: Structure vs Randomness

Clog N

N+

27



Worst-Case OnlineQV: Structure vs Randomness

N+

Clog N

dense query

27



Worst-Case OnlineQV: Structure vs Randomness

N+

Clog N

0000

0000
0000

0000
0000

dense query

27



Worst-Case OnlineQV: Structure vs Randomness

N+

Clog N

0000

0000
0000

0000
0000

dense query

# of such vectors may be large: > N'—¢

27



Worst-Case OnlineQV: Structure vs Randomness

N+

Clog N

0000

0000
0000

0000
0000

dense query

# of such vectors may be large: > N'—¢

this structure gives us a subinstance of
Online OV in (c —¢)log N dimensions!
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Worst-Case OnlineQV: Structure vs Randomness

N+
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most N'~¢ inputs

share elog N zeros
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Worst-Case OnlineQV: Structure vs Randomness

m Partition N input vectors into X, ..., Xy- and X

m X is Pseudorandom
m Fach X; is of size N'—¢, lives in smaller dimension

m Solve X using Average-case algorithm

m Solve each X; recursively

29
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Applications

Data structure for OnlineOV with S =T, = N'! and
T— N1—1/(Clogc)

For d = clog N, matches the best known randomized
data structures, refutes [GLP17] conjecture

For d = N°(), improves on known data structures,
refutes the curse of dimensionality conjecture

Implies new data structures for PartialMatch,
DNFEvaluation, SubsetQuery, ContainmentQuery,
OrthogonalRangeSearch, ...

Solves Offline OV in time N?~/(clogc)
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m Online Orthogonal Vectors
m Algorithms

m Lower Bounds
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m The best lower bounds:
m For linear space S = O(N -d), T = Q(log N)
m For super-linear space S = N, only T = Q(d)
m No better lower bound is known for any data structure
problem

m Holy grail: S=0O(N-d), T> N¢

31



SETH Lower Bound

ith clause
| P, Qe - is not sat
by jth assignment
2n/2< >2n/2
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SETH Lower Bound

m = o(n) m = 0(n)

Data structure with T, = N°~ and
T = N'"*< would refute SETH

2n/24 Data structure with T, = N® and
T = N'* would refute SETH

Not a time-space tradeoff!
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Non-Uniform SETH

m Non-uniform algorithms: have an advice string for
each n (not for each input)

B SAT can be solved in time O(2" - poly(|¢|))

B We don't know how to solve SAT exponentially faster:
in time 20-9)" even when m = O(n), even by
non-uniform algorithms

Non-Uniform Strong Exponential Time Hypothesis
(NUSETH)

For every ¢ > 0, there exists k such that no non-uniform
algorithm solves k-SAT on formulas with n variables in
time 20-9)" (with advice of length 20-4)")
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NUSETH Lower Bound

m = O(n) m = O(n)

The OnlineQV instance depends
on ¢, not on n

2n/24 We need one instance of OnlineOV
that solves all ¢'s
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Hardest Instance of OnlineQV

ith clause
J I | SR I - is not sat

by jth assignment
2"<
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Hardest Instance of OnlineQV

m = O(n%)

A

Given R-CNF formula ¢, create

query g m = 0(n")

q=| |

Indicator vector of all clauses in ¢
2"<
p Is satisfiable iff g is orthogonal to
a vector in the table

Use downward self-reducibility to
get 2"/2 formulas over n/2 variables.

35
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Generalizations

m Under NUSETH, there is no (N¢, N'=¢)-data structure with
unbounded preprocessing for OnlineQV In
d = poly(log N) dimensions. ([AV21]).

m Under NUSETH, there is no (N¢, N'=¢)-data structure with
unbounded preprocessing for Sparse-OnlineOV in
d = N? dimensions

m Under Non-Uniform Hampath, no (N N'8)-data
structure with unbounded preprocessing for 3-SUM with
preprocessing

m Lower bounds for PartialMatch, SubsetQuery,
ContainmentQuery, OrthogonalRangeSearch,
DNFEvaluation, OnlinelP, ApproxNearestNeighbors, ...
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Theorem (Upper Bound)

There is deterministic (S, T)-data structure for OnlineQV
in d = clog N dimensions with S=T, =N""and T = N'"¢

Theorem (Lower Bound)

Under NUSETH, there is no (N, N'=¢)-data structure with
unbounded preprocessing for OnlineOV in d = poly(log N)
dimensions
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